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Prove Statement A: ∀𝒏 ∈ 𝒁, 𝒏 ≥ 𝟒(𝒏𝟑 < 𝟑𝒏). 

Preliminary work: 

Starting value: 𝑎 = 4 

Predicate: 𝑃(𝑛) is the inequality 𝑛3 < 3𝑛. 

Predicate with 𝑘 inside: 𝑃(𝑘) is the inequality 𝑘3 < 3𝑘. 

Predicate with 𝑘 + 1 inside: 𝑃(𝑘 + 1) is (𝑘 + 1)3 < 3(𝑘+1). 

Basis Step: 𝑃(4) is the inequality 43 < 34. That is, 64 < 81. True. 

Induction Step 

Suppose that 𝑘 ≥ 4 and that 𝑃(𝑘) is true. 

That is, 𝑘 ≥ 4 and 𝑘3 < 3𝑘 is true. (This is the Inductive Hypothesis) 

Start by building the left side of the inequality 𝑃(𝑘 + 1) and show 

that it is less than the right side. 
 

𝑙𝑒𝑓𝑡 𝑠𝑖𝑑𝑒 = (𝑘 + 1)3 

= 𝑘3 + 3𝑘2 + 3𝑘 + 1  (𝑒𝑥𝑝𝑎𝑛𝑑𝑒𝑑) 

< 𝑘3 + 3𝑘2 + 3𝑘 + 3𝑘 (𝑏𝑒𝑐𝑎𝑢𝑠𝑒 1 < 3𝑘 𝑠𝑖𝑛𝑐𝑒 4 ≤ 𝑘) 

= 𝑘3 + 3𝑘2 + 3(2𝑘) (𝑎𝑟𝑖𝑡ℎ𝑚𝑒𝑡𝑖𝑐) 

< 𝑘3 + 3𝑘2 + 3(𝑘2) (𝑏𝑒𝑐𝑎𝑢𝑠𝑒 2 < 𝑘 𝑠𝑖𝑛𝑐𝑒 4 ≤ 𝑘) 

< 𝑘3 + 𝑘3 + 𝑘3  (𝑏𝑒𝑐𝑎𝑢𝑠𝑒 3 < 𝑘 𝑠𝑖𝑛𝑐𝑒 4 ≤ 𝑘) 

= 3 ⋅ 𝑘3  (𝑓𝑎𝑐𝑡𝑜𝑟𝑒𝑑) 

< 3 ⋅ 3𝑘  (𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝑘3 < 3𝑘 𝑏𝑦 𝑡ℎ𝑒 𝐼𝑛𝑑𝑢𝑐𝑡𝑖𝑣𝑒 𝐻𝑦𝑝𝑜𝑡ℎ𝑒𝑠𝑖𝑠) 

= 3(𝑘+1)  (𝑟𝑢𝑙𝑒 𝑜𝑓 𝑒𝑥𝑝𝑜𝑛𝑒𝑛𝑡𝑠) 

= 𝑟𝑖𝑔ℎ𝑡 𝑠𝑖𝑑𝑒 

We have shown that 𝑃(𝑘 + 1) is true. 

Conclusion: By the Principle of Induction, ∀𝑛 ∈ 𝑍, 𝑛 ≥ 4(𝑛3 < 3𝑛) 

--------------------------------------------------------------------------------------------------------------------------- 

Prove Statement B: ∀𝒏 ∈ 𝒁, 𝒏 ≥ 𝟔(𝒏𝟑 < 𝒏!). 

Preliminary work: 

Starting value: 𝑎 = 6 

Predicate: 𝑃(𝑛) is the inequality 𝑛3 < 𝑛!. 

Predicate with 𝑘 inside: 𝑃(𝑘) is the inequality 𝑘3 < 𝑘!. 

Predicate with 𝑘 + 1 inside: 𝑃(𝑘 + 1) is the inequality (𝑘 + 1)3 < (𝑘 + 1)! 

Basis Step: 𝑃(6) is the inequality 63 < (6 + 1)!. That is, 216 < 720. This is true. 

Induction Step 



Suppose that 𝑘 ≥ 6 and that 𝑃(𝑘) is true. That is, 𝑘3 < 𝑘! is true. (This is the Inductive Hypothesis) 

Start by building the left side of the inequality 𝑃(𝑘 + 1) and show that it is less than the right side. 

𝑙𝑒𝑓𝑡 𝑠𝑖𝑑𝑒 = (𝑘 + 1)3 

= 𝑘3 + 3𝑘2 + 3𝑘 + 1  (𝑒𝑥𝑝𝑎𝑛𝑑𝑒𝑑) 

< 𝑘3 + 3𝑘2 + 3𝑘 + 3𝑘 (𝑏𝑒𝑐𝑎𝑢𝑠𝑒 1 < 3𝑘 𝑠𝑖𝑛𝑐𝑒 6 ≤ 𝑘) 

= 𝑘3 + 3𝑘2 + 3(2𝑘) (𝑎𝑟𝑖𝑡ℎ𝑚𝑒𝑡𝑖𝑐) 

< 𝑘3 + 3𝑘2 + 3(𝑘2) (𝑏𝑒𝑐𝑎𝑢𝑠𝑒 2 < 𝑘 𝑠𝑖𝑛𝑐𝑒 6 ≤ 𝑘) 

< 𝑘3 + 𝑘3 + 𝑘3  (𝑏𝑒𝑐𝑎𝑢𝑠𝑒 3 < 𝑘 𝑠𝑖𝑛𝑐𝑒 6 ≤ 𝑘) 

= 3 ⋅ 𝑘3  (𝑓𝑎𝑐𝑡𝑜𝑟𝑒𝑑) 

< 3 ⋅ 𝑘!  (𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝑘3 < 𝑘!  𝑏𝑦 𝑡ℎ𝑒 𝐼𝑛𝑑𝑢𝑐𝑡𝑖𝑣𝑒 𝐻𝑦𝑝𝑜𝑡ℎ𝑒𝑠𝑖𝑠) 

< (𝑘 + 1) ⋅ 𝑘!  (𝑏𝑒𝑐𝑎𝑢𝑠𝑒 3 < (𝑘 + 1) 𝑠𝑖𝑛𝑐𝑒 6 ≤ 𝑘) 

= (𝑘 + 1)!  (𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 𝑜𝑓 𝑓𝑎𝑐𝑡𝑜𝑟𝑖𝑎𝑙) 

= 𝑟𝑖𝑔ℎ𝑡 𝑠𝑖𝑑𝑒 

We have shown that 𝑃(𝑘 + 1) is true. 

Conclusion: By the Principle of Induction, ∀𝑛 ∈ 𝑍, 𝑛 ≥ 6(𝑛3 < 𝑛!) 

--------------------------------------------------------------------------------------------------------------------------- 

Prove Statement C: ∀𝒏 ∈ 𝒁, 𝒏 ≥ 𝟕(𝟑𝒏 < 𝒏!). 

Preliminary work: 

Starting value: 𝑎 = 7 

Predicate: 𝑃(𝑛) is the inequality 3𝑛 < 𝑛!. 

Predicate with 𝑘 inside: 𝑃(𝑘) is the inequality 3𝑛 < 𝑘!. 

Predicate with 𝑘 + 1 inside: 𝑃(𝑘 + 1) is the inequality 3(𝑘+1) < (𝑘 + 1)! 

Basis Step: 𝑃(7) is the inequality 73 < (7 + 1)!. That is, 2187 < 5040. This is true. 

Induction Step 

Suppose that 𝑘 ≥ 7 and that 𝑃(𝑘) is true. That is, 3𝑘 < 𝑘! is true. (This is the Inductive Hypothesis) 

Start by building the left side of the inequality 𝑃(𝑘 + 1) and show that it is less than the right side. 

𝑙𝑒𝑓𝑡 𝑠𝑖𝑑𝑒 = 3(𝑘+1) 

= 3 ⋅ 3𝑘  (𝑟𝑢𝑙𝑒 𝑜𝑓 𝑒𝑥𝑝𝑜𝑛𝑒𝑛𝑡𝑠) 

< 3 ⋅ 𝑘!  (𝑏𝑒𝑐𝑎𝑢𝑠𝑒 3𝑘 < 𝑘!  𝑏𝑦 𝑡ℎ𝑒 𝐼𝑛𝑑𝑢𝑐𝑡𝑖𝑣𝑒 𝐻𝑦𝑝𝑜𝑡ℎ𝑒𝑠𝑖𝑠) 

< (𝑘 + 1) ⋅ 𝑘!  (𝑏𝑒𝑐𝑎𝑢𝑠𝑒 3 < (𝑘 + 1) 𝑠𝑖𝑛𝑐𝑒 7 ≤ 𝑘) 

= (𝑘 + 1)!  (𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 𝑜𝑓 𝑓𝑎𝑐𝑡𝑜𝑟𝑖𝑎𝑙) 

= 𝑟𝑖𝑔ℎ𝑡 𝑠𝑖𝑑𝑒 

We have shown that 𝑃(𝑘 + 1) is true. 

Conclusion: By the Principle of Induction, ∀𝑛 ∈ 𝑍, 𝑛 ≥ 7(3𝑛 < 𝑛!).  


