
 

Do the symbols 5/7 and 5|7 mean the same thing? Explain. 

Do the symbols 2/6 and 2|6 mean the same thing? Explain. 

Frick and Frack are arguing. Frick says that 3/0 is undefined. Frack says that 3|0 is true. Who 

is right? Explain. 

 

Sonny and Cher are arguing. Sonny says that 0/5 is zero. Cher says that 0|5 is false. Who is 

right? Explain. 

 

Is 24 divisible by 3? Explain. Does 8 divide 40? Explain. 

Does 6|42? Does 42|6? Does 6|6? Does 6|(−24)? Explain. 

For what 𝑛 does 1|𝑛? For what 𝑛 does 𝑛|1? Explain. 

For what 𝑛 does 0|𝑛? For what 𝑛 does 𝑛|0? Explain. 

 

  











Question 1: In division, why not just declare that 
0

0
= 1? 

 

Question 2: Observe that 0 = 0 ⋅ 1. Since 0 = 0 ⋅ 𝑖𝑛𝑡𝑒𝑔𝑒𝑟, one might think that this would 

imply that 0|0 is true. But the definition says that we are not allowed to have 0 on the left side 

of the vertical bar. That is, 0|𝑎𝑛𝑦𝑡ℎ𝑖𝑛𝑔 is never true. Not even 0|0. Why not?  

 

  



The answers to both questions are fundamental and have to do with the 

Axioms of Real Numbers (From Appendix A1) 

 



The Axioms of Real Numbers guarantee that every real number 𝑎 ≠ 0 has a reciprocal, 

denoted 1/𝑎 or 
1

𝑎
 or 𝑎−1. 

 

To say that 

0

0
= 1 

Really means that 

0 ⋅ (
1

0
) = 1 

That is, it means that the number 0 has a reciprocal.  

 

The axioms don’t guarantee that the number 𝑎 = 0 has a reciprocal, but they don’t explicitly 

forbid it. Is it possible that 0 can have a reciprocal, even though it is not guaranteed by the 

axioms? 

 

  



The answer lies in the Theorems of Real Numbers that immediately follow the Axioms. 

 

Theorems of Real Numbers (Just the first six) (From Appendix A1) 

(These theorems are statements that are not included in the list of Axioms because they don’t 

have to be. They can be proven true as a consequence of the Axioms.) 

 

 

 



Notice that Theorem T6 says explicitly 

For any real number 𝑎, 0 ⋅ 𝑎 = 0 

So it is impossible for the number 0 to have a reciprocal. That is, it is impossible to have  

0

0
= 1 

because that would violate T6. 

 

  



And note that the problem with trying to declare 

0

0
= 1 

is not just a problem because it would violate T6. It would cause problems in lots of other 

ways, as well. 

 

For instance, consider this calculation 

7 = 7 ⋅ 1 = 7 ⋅ (
0

0
) = 7 ⋅ (0 ⋅ (

1

0
)) = (7 ⋅ 0) ⋅ (

1

0
) = 0 ⋅ (

1

0
) =

0

0
= 1 

.  



The Quotient Remainder Theorem 

 

Consider this collection of equations 

 

⋮ 

71 = 9 ⋅ 10 + (−19) 

71 = 9 ⋅ 9 + (−10) 

71 = 9 ⋅ 8 + (−1) 

71 = 9 ⋅ 7 + 8 

71 = 9 ⋅ 6 + 17 

71 = 9 ⋅ 5 + 26 

⋮  

  
















