Section 2.2 Conditional Statements.

New Compound Statement Form: The Conditional (the IF THEN statement form)

Definition of the Conditional

symbols: P —> g T F » THEN ¢

spoken: 1§ o Lwen g

less commonly spoken: +he cond F0Aal 5T f lo:) P

usage: T,z are staltment varl.ble

meaning: ?—;1 1S Qa S'ra\"l‘emch 'Q’M\ W‘wse Yudn valaes are dﬂcfnul

\03 s truth of p | truth of g | truth of p — g
Y+ ruth Toble T T T
T F =
F T T
F F -

additional terminology: v s called Phe Y po Phesi'c
- A :
g s called rhe conc lnsion




[Example]

Which of these statements is true? Explain.

A: IF 4 is an even integer, THEN Thanksgiving is in November. T—T @
T T

B: IF 4 is an even integer, THEN the world is flat. T—E @
l"rl F

C: IF the moon is made of green cheese, THEN Thanksgiving is in November. EoT @

= T
D: IF the moon is made of green cheese, THEN the world is flat.

Remark: There 1s a special term for the situation where a conditional statement that is true by

virtue of the fact that its hypothesis is false. The statement is said to be vacuously true.

e

End of [Example]



Order of Operations

We have encountered four logical symbols so fa(: AV, =, ~.)

(We won’t be using the exclusive or symbol @.)

What 1s the order of operations?

(N~ A —

That 1s,

’—Pa('er\‘\'\'\“e{, MOT; A‘\)b) O\Q) COAAI-)-\;)/\U\



[Example] Construct a truth table for the statement fo
D stemen) Vo\r\ ab)ﬂ, SO Wt wr |} need

2.2.2 =F rows (?/\(NZ%_.,P
T 2|0 (~va|tneg | (PAmY)—C
TIT T F| F T
T T E |F F T
TIF T 17| 1 T
TIFF T ¥ F
FT T F| F AR
FTF F|F T
FIF]T | F v
FFF T| F T

End of [Example]



Express the Conditional Statement Form in an Alternate form

E—

(VPV 9.

[Example] Use a truth table to prove that p — q is logically equivalent to ~p V q
C ; —_ —

Solution: ) pe/f Qa;bl WS because A Stateament variolles R

¥4 VP P—9 ~PVe

TTF | T 1 TVF

T F| F ¥ FVFE

FT T 1 T TVl

FRT T T FvT
9

4%

End of [Example] | hece Two colu Mg malch sy He  $ttenes

‘G)rmg all} la<9|c‘a“9 %M\Jn’&/ﬁ‘,



Goal: Find the Negation of a conditional statement

Given that p - g = ~p V q, use DeMorgan to find ~(p — q).

P Y
V(P=g) =~ (v Vg 2 (v ~g =PIy

The Negation of the Conditional Statement Form

For the conditional statement form S P — i _]E F ¢ THEW 4.
The negation of S is the statement form: A~ G T AVD wnoT g
That 1s,

~(P—g) = PANY

Remark: The negation of a conditional statement form is an AND statement form




[Example]

» G
— T C ———
Negate statement S: If today 1s Saturday, then I go to Kroger today. :P ~> i

P
Negate statement S: If Bob is gree?l then Carol is red. ‘[D — Z

N CP Qﬁ) = Pn t\/i _T()Clay \.1 S,{}“ralog W\A :I do I)()‘)'}D o kra/,r }ad(a]_

N (\3—’?\ = P /\Nﬁ Bob s green ond Lar) mT@

End of [Example]




Related Conditional Statements

Definition of the Converse, the Inverse, and the Contrapositive
For a statement form S: p — ¢q
Symbol: contrapositive(S)
e Spoken: the contrapositive of S
e Meaning: the statement form: ~q —> ~p
Symbol: converse(S)
e Spoken: the converse of S
e Meaning: the statement form: g — p
Symbol: inverse(S)
e Spoken: the inverse of S

e Meaning: the statement form: ~p - ~q




[Example]

P - Z

For the given conditional statement S: If Bob 1s green then Carol is red.

Write the contrapositive, the converse, and the inverse.

[on‘\mpdh‘hd(i NZ"”P I‘F cara\ Q noT (ed “H!‘(H\ Bob .; Aot frem.

[W\\Icrse_‘. 7/-»'? I‘F caro) \s resl 'Hr\c,\ ol l; ?ree/\,

“TAderse NP—-W} _

End of [Example]

?‘p ’%ob \} ncﬁ_ ?I‘ec/\ ')‘\t\t/\ [ﬂln\ /; m" red.



—

Logical equivalences between the Original, Contrapositive, Converse, Inverse, Negation.

Suppose that S 1s the conditional statement fo

Make truth tables for S, contrapositive(S), converse(S), inverse(S), ~S

Solution:
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Observations

 Sand Contrapositive(S) are logically equivalent

o Converse(S) and Inverse(S) are logically equiv

—

e S and Converse(S) are not logically equivalent

e—

Inverse(S) and ~S are not logically equivalent

In fac@ not logically equivalent to any of the others.

Remark:
e The fact that S and Contrapositive(S) are logically equivalent is extremely important in
doing proofs. It is often overlooked.
e The fact that S and Converse(S) are not logically equivalent is also important. Many

students make the mistake of thinking that S and Converse(S) are equivalent. They aren’t.



Suppose that th@ known to be true.

(a)What are values of p, g?
T2 P

E“z)’ T ?/ Conld be TT
T |x |l T
=
F

CF "D (onld e F,T
CTF[ P _comd v FF

(b) What must be the value @

F
Lo\ bt TT—T T

¢ 7
Conld e T 5 ]

1]

¢ ™
Con\h he E ~F



Suppose that @mown to @

(a)What are values of p, g?

’P—#Z Y d/llg- ‘\Pﬂlge Ul‘\(/\ ’?)Z arc T, F

(b) What must be the value of g — p?

7/9"]3 wauldhe =T @

Important observation:

Kﬂ()wl\n )AI\MT Sime qua(.‘)‘;aoot‘ ?7"'7‘6’/)'\8/1,7' P-*Z n M Ave s r]_a_)‘

nml\ /t()u)f\ -)'\/\C \/qlqe; 0{: ’P)L ) ﬂvl\/’ So h 0{6¢.( f’\_a;T ‘qa,;l Ao
Fhe, value 070 T\e Condeffe Z__,p

BH—)—k‘\-aq\\'\& W A Cdl\dlr'\-)/\n) S)‘adbm/")‘ 4_-; '@qlf( Q{L’{_f r\q;\ a(dw.q
Hae Values of T, ond S0 IT does penl olrn tae  yalec
of  Pre converse g —P



Translating common language into conditional statements

What does “I will have a cookie if today is Saturday” mean?

& ‘\‘ootﬂdx, ¥ Sn7w/4advl Then T u;’” Wit o covkeit 1‘“(0‘?

Common language: T i+ Z
Logical Form: = 9. “THE !L) P
Symbol: 7/ — P




Translating common language into conditional statements, continued

What does “I will have an ice cream today only if today is Friday” mean?

j—L:C T haut 1Ce cream ‘\"0(627 ‘_)_HEI\) ‘Ho(g Iy ]C'"J“J-

Common language: 4 "\9 NS i
Logical Form: 1 F p “T)«\EU q
Symbol: P — g




Translating if and only if into conditional statements
\_—/' ~S—

B wW/
What does Sentence S: “I will go Biking to?’ay if and only if t@; is Wednesczz‘y” mean?
v

Let B be the phrase I will go biking today.
Let W be the phrase Today is Wednesday.

Then Sentence S could be abbreviated: B ;‘F and onb_ i‘F \/\/

This means (’P_') f \A)\ AI\}'D @ Mla o \/\/)

But that means (\/\/ s B\ A JD (—B s V\/)



How would the statement form (W — B) A (B —» W) behave?

Investigate with a truth table:

B W Bean (WoB (WA (Bow)

T 1T T T T

T E F T b

VT E v

Ll T T
Observation:

(\/\I‘—? B\AND (%9W\ l‘s "'t‘uc_lt\ L’,Xa(jb ‘)"\r\a({ NS w)’\cre
%)\/\) \n\rve l(’\l\e <ame ‘\‘f‘unq’\ \/afluze_



This brings us to the definition of the biconditional

Definition of the Biconditional .

symbols: ¢ =1 v i+ /

spoken: P T and dn\O f 9

less commonly spoken: -HM_ \o:\cc)r\dd‘n;m ol a P ond 9
meaning in symbols: (”F =gy A ( 4 - )

meaning, in words: (‘;\'_‘\-‘- r THEN q) /} ND 6;\': 9 TH EM ?)

clearer meaning, in words:

'\352 have Pt Same +entln volue




Translating common language into conditional statements, continued
What does “p is sufficient for ¢’ mean?
What does “p is necessary for g mean?

The book explains this quite well in Section 2.2, and you have a couple of exercises about it.

—————————

I will leave it to you to read the book discussion of this topic.

End of Video for H02.2



