
Statements with Multiple Quantifiers 

 

Reading: Section 3.3 Statements with Multiple Quantifiers 

Homework: 3.3 # 2, 3, 6, 17, 19, 20, 23, 26, 30, 38 

 

Important Result from Section 3.2: Negating Quantified Statements 

 

Negating a Universally Quantified Statement 

~(∀𝑥 ∈ 𝐷(𝑃(𝑥, 𝑦))) ≡ ∃𝑥 ∈ 𝐷(~𝑃(𝑥, 𝑦)) 

Negating an Existentially Quantified Statement 

~(∃𝑥 ∈ 𝐷(𝑃(𝑥, 𝑦))) ≡ ∀𝑥 ∈ 𝐷(~𝑃(𝑥, 𝑦)) 

 

  



Negating Statements with Multiple Quantifiers 

 

[Example 1] Consider Statement 𝑆: 

There is a program that gives the correct answer to every question posed to it. 

(a) Rewrite the statement formally (in symbols) using variables and quantifiers. 

(b) Find the negation of the formal statement. 

(c) Rewrite the negation informally (in words). 

 

  





Changing the Order of Multiple Quantifiers 

 

[Example 2] In the following examples, Consider Statement 𝐴, and Statement 𝐵 obtained by 

changing the order of the quantifiers in Statement 𝐴. 

 

For each pair of statements, do the following: 

i. Which of the statements are true? (might be none, one, or both) Explain 

ii. Some of the statements are famous properties of real numbers. Which statements, and 

what is the name of the property? Explain 

iii. Find the negation of any of the statements that are false. 

 

  



[Example 2a] 

Statement 𝐴: ∀𝑥 ∈ 𝑹(∃𝑦 ∈ 𝒁(𝑥 < 𝑦)) 

Statement 𝐵: ∃𝑦 ∈ 𝒁(∀𝑥 ∈ 𝑹(𝑥 < 𝑦)) 

 

  





[Example 2b] 

Statement 𝐴: ∀𝑥 ∈ 𝑹(∃𝑦 ∈ 𝑹(𝑥 + 𝑦 = 𝑥)) 

Statement 𝐵: ∃𝑦 ∈ 𝑹(∀𝑥 ∈ 𝑹(𝑥 + 𝑦 = 𝑥)) 

 

  



[Example 2c] 

Statement 𝐴: ∀𝑥 ∈ 𝑹(∃𝑦 ∈ 𝑹(𝑥 + 𝑦 = 0)) 

Statement 𝐵: ∃𝑦 ∈ 𝑹(∀𝑥 ∈ 𝑹(𝑥 + 𝑦 = 0)) 

 

  





[Example 2d] 

Statement 𝐴: ∀𝑥 ∈ 𝑹
∗
(∃𝑦 ∈ 𝑅

∗(𝑥𝑦 = 1)) 

Statement 𝐵: ∃𝑦 ∈ 𝑹
∗
(∀𝑥 ∈ 𝑅

∗(𝑥𝑦 = 1)) 

 

  



Changing the Domain in Quantifiers 

 

[Example 3] Consider statement 𝑆: 

∃𝑥 ∈ 𝐷(∀𝑦 ∈ 𝐷(𝑥𝑦 < 𝑦)) 

Write the negation for 𝑆. 

 

  



Is Statement 𝑆 true when the domain is 𝐷 = 𝑹
+? Explain 

 

  



Is Statement 𝑆 true when the domain is 𝐷 = 𝑹
∗? Explain 

 

  



Is Statement 𝑆 true when the domain is 𝐷 = 𝒁
+? Explain 

 

 

 

 

  



Interchanging ∀, ∃ in multiple quantifiers 

 

[Example 4]  

Consider Statement 𝐴, and Statement 𝐵 obtained by interchanging ∀, ∃ in Statement 𝐴. 

Statement 𝐴: ∀𝑥 ∈ 𝑅
+
(∃𝑦 ∈ 𝑅

+(𝑦 < 𝑥)) 

Statement 𝐵: ∃𝑥 ∈ 𝑅
+
(∀𝑦 ∈ 𝑅

+(𝑦 < 𝑥)) 

Is either of these statements true? Explain. 

 

  





Interchanging 𝒙 and 𝒚 in multiple quantifiers 

 

[Example 5]  

Consider Statement 𝐴, and Statement 𝐵 obtained by interchanging 𝑥, 𝑦 in Statement 𝐴. 

Statement 𝐴: ∀𝑥 ∈ 𝐷(∃𝑦 ∈ 𝐷(𝑦 = 2𝑥 + 1)) 

Statement 𝐵: ∀𝑦 ∈ 𝐷(∃𝑥 ∈ 𝐷(𝑦 = 2𝑥 + 1)) 

Let the domain 𝐷 be the set 𝑹. Is either of the statements 𝐴, 𝐵 true? Explain. 

  





Let the domain 𝐷 be the set 𝒁. Is either of the statements 𝐴, 𝐵 true? Explain. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

End of Video  


