Topic for this Video:

Section 4.3: Direct Proof and Counterexample III: Rational Numbers

In the previous two sections, we had an introduction to proofs using examples that involved
only the most basic of defined mathematical terms: even and odd numbers, composite and
prime numbers, and consecutive integers. In today’s video, we discuss proofs of statements
involving another defined term: rational numbers. In the proofs, it will sometimes be useful to
use the closely-related defined term irrational numbers and to use the zero product property of

real numbers. The definitions and the statement of the property are below.



Definition of Rational Number

Words: 7 is a rational number

a
Meaning: (r € R) A (Ela, beZ (r = E))

Remark: The equation r = % involves real number equality. It can only be true if the

things on both sides of the equal sign are real numbers. That implies that the denominator
b # 0. That requirement is not explicitly stated in my version of the definition, but it does
not need to be because it is implied. (It isexplicitly stated in the book’s definition.)

Additional Notation: The symbol Q denotes the set of rational numbers. Note Q C R.

Definition of Irrational Number
Words: r is an irrational number
Meaning: 7 is a real number and 7 1s not rational.
Additional Notation: There is no commonly used symbol for the set of irrational

numbers. But the set can be expressed as a set difference: irrationals = R — Q.




The Zero Product Property
Informal version
If a product of two real numbers is zero, then at least one of the real numbers is zero.
Informal version, contrapositive:
If two real numbers are both non-zero, then their product is non-zero.

Formal version:
va,b €R(ab=0- ((a=0)V(b=0)))
Formal version, contrapositive:

Va,bER(((aiO)/\(bi0))—>ab¢0)




[Example 1] Each of the numbers below is rational. Write each as the ratio of two integers.

(a) 5.678
(b) 5.678678 ...
(c) 5.23678678 ...
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[Example 2] Let S be the statement
cment

@quare of any rational number is rational.>

(a) Write the formal version of S.

V ce @ (Tlé®>

(b) Rewrite the formal version of S in the form of a universal conditional statement.

\f yel& (j[%" Xé@ H\e: X26@>
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(d) Write the formal versions of the contrapositive, converse, and inverse of S.
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(e) Which of the statements in (d) are true and which are false? Explain.
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[Example 3] Let S be the following statement.

The difference of any two rational numbers is rational.

P

(a) Write the formal version of S.

\v’r)q,él@ (r—% 6@3

(b) Rewrite the formal version of S in the form of a universal conditional statement.

\f X,Q&ﬂlc_\f% X,;Lé (N i’ﬁL\_ef\/)(’a‘l = @)




(c) Pwdisprwe—statement S. (If S 1s false, suggest a change that would make it true.)
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[Example 4] Let S be the following statement.

The quotient of any two rational numbers is rational.
. R

(a) Write the formal version of S.

\fclf)r‘e(D(i(__: 6@

(b) Rewrite the formal version of S in the form of a universal conditional statement.
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(c) Prove or disprove statement S. (If S is false, suggest a change that would make it true.)
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