Topic for this Video: Section 4.4: Direct Proof and Counterexample IV: Divisibility
In this chapter, we have discussed the following kinds of proof structures:
e An existential statement that is true is proved by giving an example.
o A universal statement that 1s false 1s disproved by giving an example (a counterexample).
o A univeral statement with finite domain that is a true statement can be proved by The
Method of Exhaustion, which amounts to doing a bunch of examples.
e A univeral statement with an infinite domain that is a frue statement must be proved by
the method of Generalizing from the Generic Particular. (NOT by an example!)

o An existential statement with an infinite domain that is a false statement will have a
negation that is a universal statement. To disprove the original existential statement,
one must prove the negation that is a universal statement. This will require the
method of Generalizing from the Generic Particular.

o When the method of Generalizing from the Generic Particular 1s applied to the
special case of proving a universal conditional statement with an infinite domain,

the resulting proof structure is called the Method of Direct Proof.



We have studied and written proofs involving a growing list of defined mathematical terms:
e even and odd numbers
e composite and prime numbers
® consecutive integers
o rational numbers and irrational numbers

o the zero product property

In Section 4.4, we will learn no new proof structures, but we will add to our list of defined
mathematical terms and mathematical concepts. The new mathematical term is divisibility.

The new mathematical concept is prime factorization.



Definition of Divisibility
Symbol: d|n
Words: d divides n
Alternate words: d is a divisor of n
Alternate words: n is divisible by d

Meaning expressed in words, using division:

. n. .
n and d are integers, and - 1s an integer.

Meaning expressed in symbols, using division:

(n,dEZ)/\(EIkEZ(g=k))

Meaning expressed in symbols, using multiplication:

(n,d € Z)A(d # 0) A3k € Z(n = dk))




[Example 1] (a) Does 13|91? Explain.
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(b) Does 91|13? Explain.
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[Example 2] (a) Does 13|0? Explain.
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(b) Does 0[13? Explain.
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[Example 3] Suppose that n is an integer. Is 7n(25 — 15n?) divisible by 35? Explain.
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[Example 4] Consider the statement
If ab|c then a|c and b|c.
(a) Rewrite the statement formally.

(b) Prove or disprove the statement.
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[Example 5] Consider the statement
(a) Rewrite the statement formally.
(b) Prove or disprove the statement.
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Examples involving both the new term divisibility and previously defined terms.

Example involving Wand even numbers

[Example 6] Consider the statement
The product of any two even integers is a multiple of 4.

(a) Rewrite the statement formally.

(b) Prove or disprove the statement.
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Examples involving divisibility and consecutive integers
/ e ——

[Example 7] Consider the statement

The sum of any three consecutive integers 1s a multiple of 3.

(a) Rewrite the statement formally.

(b) Prove or disprove the statement.
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The Unique Factorization Theorem

Theorem 4.4.5 Unique Factorization of Integers
i)

Given any integer n > 1, there exist

—_— N

e a positive integer k

e distinct prime numbers p; < py < -+ < Py

e ==

e positive integers eq, €5, ... , €

such that n can be written as the product

— A61..62 €k
n=p,pyy Py

This expression is called the standard fack¥sxd form of n.

‘Qo\.(j‘d redl



[Example 8] Let n = 428064

(a) Find the unique factorization of n.

(b) Write the prime factorization for n3.

-

(c) What is thg least positive integer m s¢' that nm is a perfect cube.
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(d) Write the product nm as a perfect cube.
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[Example 9] Letn = 17!
(a) Write n in standard factored form.
(b) Withough computing the value of n3, determine how many zeros are at the end of n> when

it 1s written in decimal form. Explain.
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