
Topic for this Video: 

 

Section 4.7: Indirect Argument: Contradiction and Contraposition 

 

Notice that Section 4.7 is the first section of Chapter 4 that has a title that does not start with 

the words Direct Proof. 

Section 4.1: Dirct Proof and Counterexample I: Introduction 

Section 4.2: Dirct Proof and Counterexample II: Writing Advice 

Section 4.3: Direct Proof and Counterexample III: Rational Numbers  

Section 4.4: Direct Proof and Counterexample IV: Divisibility  

Section 4.5: Direct Proof and Counterexample V:  

Division into Cases and the Quotient-Remainder Theorem 

Section 4.6: Direct Proof and Counterexample VI: Floor and Ceiling 

Section 4.7: Indirect Argument: Contradiction and Contraposition 

Section 4.8: Indirect Argument: Two Famous Theorems 

  



From that you should infer two things. 

 From the fact that indirect proofs are not presented in the book until after six book 

sections about direct proofs, you can infer that indirect proofs, whatever they are, are 

harder or more confusing than direct proofs.  

 From the fact that there are six book sections about direct proofs and only two sections 

about indirect proofs, you can infer that indirect proofs are not needed as often as indirect 

proofs. 

 

I have found that students often use indirect proofs in situations where an indirect proof is not 

appropriate. The results are always confusing and incorrect proofs. 

 

A colleague has an opinion about why this happens. He thinks that students 

 are often confused about the mathematical statements that they are being asked to prove 

 are also confused about indirect proofs 

As a result, they assume that the proof structure that they don t understand must be the proof 

structure needed to prove the statement that they don t understand. 



 

It does not help that in math books, indirect proofs are often used in places where a direct 

proof would be simpler and clearer. That makes those proofs much harder to read. Even in our 

book, which is very well written, I find that indirect proofs are overused. For instance, I feel 

that many of the Section 4.7 examples that use indirect proofs, and exercises that ask the 

student to use indirect proofs, can be more simply done, more clearly done, with direct proofs! 

That means that the student reading our book might get the wrong idea about how often 

indirect proofs are actually needed. 

 

In this video, I will focus on two things 

 teaching you methods of indirect proof 

 pointing out situations where indirect proofs are used or suggested but direct proofs 

would be better 

Both of these things will help make you a better writer of proofs. They will also help you 

become a better, and more critical, reader of proofs. 

 



I will begin by doing some examples where the proof methods that we have already learned 

work just fine. This serves two purposes. 

 It gives us a chance to review our proof methods. 

 When we revisit these same examples and write indirect proofs, we will see how much 

more confusing, and how unnecessry, the indirect proof structure is. 

 

  



Review the method of Generalizing from a Generic Particular Element 

 

Recall that the method of Generalizing from the Generic Particular Element is used to prove a 

universal statement. 

 

The Method of Generalizing from a Generic Particular Element 

To prove statement  of the form 

 

Proof (by method of Generalizing from the Generic Particular Element) 

(1) Suppose that    (a generic particular element) 

 

some steps here 

 

(*) Therefore, .   (with some justification given.) 

End of Proof 

  



[Example 1] (4.7#7) Prove that there is no least positive rational number. 

 

  





Review Divisibility and the Quotient Remainder Theorem 

 

Recall that the following statement involving the concept of divisibility 

 is divisible by  

means 

There exists an integer  such that  

 

And recall the Quotient Remainder Theorem 

Given any integer  and any positive integer , 

there exist unique integers  and  such that    and  

Formal (symbolic)presentation: 

 

 

And recall that in the previous video, we discussed the following question. 

Suppose that  is an integer. 

What does the Quotient Remainder Theorem with  tell us about ? 



 

To answer this, we rewrote the Quotient Remainder Theorem using  and realized that it 

amounts to the following  statement. 

 

And in fact, it should really be an EXCLUSIVE OR statement, because exactly one of the 

three possibilities is true. So the Quotient Remainder Theorem with  tells us when 

writing  in special QRT form (that is, with ), the remainder  has to be 

exactly one of the numbers . 

 

Comparing statement involving the concept of divisibility and the statement obtained from the 

Quotient Remainder Theorem, we can see that the statement  

 is divisible by 3 

means the same thing as this statement  

when  is in special QRT form (that is, ), the remainder . 

  



[Example 2] (Exercise 4.7#4) Prove that for every integer ,  is not divisible by . 

 

 

  



Review the method of Direct Proof 

 

When thie method of Generalizing from a Generic Particular Element is used to prove a 

universal conditional statement, the resulting structure is called the method of Direct Proof. 

 

The Method of Direct Proof 

To prove statement  of the form 

 

Proof (by method of Direct Proof) 

(1) Suppose  and   (a generic particular element satisfying the hypothesis) 

 

some steps here 

 

(*) Therefore, .   (with some justification given.) 

End of Proof 

  



Proving the Contrapositive 

Recall that a conditional statement is logically equivalent to its contrapositive. 

 

 

is logically equivalent to  

 

 

The same is true for universal conditional statements. That is, they are logically equivalent to 

their contrapositives. 

 

is logically equivalent to  

 

 

In many situations, it is possible to prove a universal conditional statement S very simply by 

proving . Since  is a universal conditional statement, 

the proof structure will be direct proof. 



[Example 3] Prove statement : 

 

 

  



[Example 4] Prove statement : 

 

 

  



Review Contradiction and Contradictory Statements 

 

We say that the statement form 

 

is a contradiction, because when any value of  is substituted in to create an actual statement, 

the resulting statement will be false. 

 

When  represents a particular (but unnamed) real number, the expression  

 

Represents a false statement. We say that this statement is a contradiction because the 

corresponding statement form is a contradiction. 

 

  



If, in a list of statements, we find 

 

some statements 

 

(13) the statement   

 

some more statements 

 

(17) the statement   

 

We say that statements (13) and (17) are contradictory statements. 

 

  



Of course, any time a list of statements contains two contradictory statements, they can be 

used to form a contradiction: 

 

some statements 

 

(13) the statement   

 

some more statements 

 

(17) the statement   

(18) the statement  (by statements (13) and (17)) 

 

We say that statements (13) and (17) are contradictory statements. 

We say that statement (18) is a contradiction. 

 

 



Because it is always possible to form a contradiction once two contradictory statements have 

been written, it is customary say that a contradiction has been reached, even if the 

contradiction has not been written down as its own statement. 

 

some statements 

 

(13) the statement   

 

some more statements 

 

(17) the statement   

(18) We have reached a contradiction (statement (17) contradicts (13)) 

 

  



In other words, officially to say 

We have reached a contradiction. 

should mean 

We have reached a statement that is a contradiction. 

 

But in practice, it is common to say  

We have reached a contradiction. 

to mean 

We have reached a statement that contradicts some earlier statement. 

 

We say that statements (13) and (17) are contradictory statements. 

We say that statement (18) is a contradiction. 

 

  



Proof by Contradiction 

Recall again the Rules of Inference (which are just known Valid Argument Forms). 

 

  



Use a truth table to verify that the Contradiction Rule is really a valid argument form 

 

    

    

    

 

 

  



The Contradiction Rule can be used for a proof structure, called the Method of Contradiction.  

 

The Method of Contradiction 

To prove statement 𝑃  

Proof (by Method of Contradiction) 

(1) Assume 𝑃 is false. That is, assume ~𝑃 is true. Write out ~𝑃 clearly. (assumption 

for proof by contradiction) 

 

some steps here 

 

(*) Some contradiction is reached. (Or some statement is written that contradicts an 

earlier statement). (Explain clearly what the contradiction is.) 

(**) So our assumption in step (1) must be wrong. 𝑃 can’t be false. Therefore 𝑃 is true. 

End of Proof  



[Example 5] (4.7#18) Prove the following: 

If 𝑎 and 𝑏 are rational numbers, 𝑏 ≠ 0, and 𝑥 is irrational, then 𝑎 + 𝑏𝑥 is irrational. 

 

  







Examples where Proof by Contradiction Method is Unnecessary 

 

Revisit [Example 1] (4.7#7) Prove that there is no least positive rational number. 

 

 

  





Revisit [Example 2] (Exercise 4.7#4) 

Prove that for every integer 𝑛, 3𝑛 + 2 is not divisible by 3. 

 

  



Proving the Contrapositive versus Proving by Contradiction 

 

Revisit [Example 3] Prove statement 𝑆: 

∀𝑛 ∈ 𝒁(𝐼𝑓  𝑛
2

  𝑖𝑠 𝑜𝑑𝑑  𝑡ℎ𝑒𝑛  𝑛  𝑖𝑠 𝑜𝑑𝑑) 

 

 

 

 

 

  







Wrap Up 

 

Proof by the Method of Contradiction is confusing, both for the writer and the reader. For that 

reason, it is always best to avoid it if possible. 

 

  



In many situations, a universal statement  

∀𝑥 ∈ 𝐷(𝑄(𝑥)) 

or a universal conditional statement  

∀𝑥 ∈ 𝐷(𝐼𝑓 𝑃(𝑥)  𝑡ℎ𝑒𝑛  𝑄(𝑥)) 

can be proven using the method of Generalizing from the Generic Particular or the method of 

Direct Proof. In those situations, it is definitely best to avoid proof by contradiction. 

 

  



And in many situations, a universal conditional statement  

∀𝑥 ∈ 𝐷(𝑃(𝑥) 𝑡ℎ𝑒𝑛 𝑄(𝑥)) 

can be proven using the method of Direct Proof  to prove the contrapositive statement. 

∀𝑥 ∈ 𝐷(𝐼𝑓 ~𝑄(𝑥)  𝑡ℎ𝑒𝑛  ~𝑃(𝑥)) 

That is, one supposes that  ~𝑄(𝑥) is true and somehow shows that  ~𝑃(𝑥) is true. 

 

(Our book calls this sort of proof an indirect proof, but I think that’s silly. It is simply a Direct 

Proof of the contrapositive. The contrapositive is logically equivalent to the original 

statement, so proving the contrapositive is equivalent to proving the original.) 

  



But there are definitely instances where a proof by contradiction is the best method. Proofs by 

contradiction are by their nature confusing to write and confusing to read. Therefore, it is 

important to make the proof structure as clear as possible. 

 

 

  


