Video for Homework H06.2 Properties of Sets
Investigating Statements about Sets in Two Ways

1) Visualizing them using Venn Diagrams

2) Proving them using an Element Argument
Recognizing the Contrapositive to make a proof simple

Using an Element Argument to prove that a set is the empty set.

Proving Statements About Sets Using Theorems and Previously Proved Results



Some really old stuff that will be useful:

Chapter 2 Theorem about Logical Equivalences

Theorem 2.1.1 Logical Equivalences

Given any statement variables p, ¢, and r, a tautology t and a contradiction ¢, the following logical equivalences
hold.

1.

Commutative laws:

2. Associative laws:

10.
. Negations of t and c¢:
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Distributive laws:
Identity laws:
Negation laws:
Double negative law:

ldempotent laws:

Universal bound laws:

De Morgan's laws:

Absorption laws:

PANgQ=qAp

(pAgAr=pAh(gAnr)
phAlgvn={@EirgVvipnr)

pAt=p
pv—~—p=t
~(~p)=p
pPApP=p

pvt=t
~(pNg)=-~pV~q
pviphg)=p
~t=¢

PvVqg=EgqVvp
(pvg@vr=pvigvr)
pv@An=@Evgnipvr)
PVE=Dp

pA~p=C¢

pVp=p
pAre=Ec
~(pVvq=-~ph—q
phpvg)=p

~¢ =1



Chapter 2 Table of Valid Argument Forms

Modus Ponens

Modus Tollens

Generalization

TABLE 2.3.1 Valid Argument Forms

=>4
P
Sl
P—q
~q
R
P
S.pVvVg

N A

Specialization

Conjunction

P/Nq

p/\q

b.

PNq

Elimination

Transitivity

Proof by

Division into Cases

Contradiction Rule

b. PvVq
=P




More recent stuff (From Section 6.1) that will be useful.

Definition of Subset
Symbol: A € B
Spoken: A is a subset of B
Usage: A and B are sets
Meaning
Stated as a Universal Statement: Vx € A(x € B)
Stated as a Universal Conditional Statement: Vx € U(If x € A then x € B)




Set Equality (definition using subset terminology and notation)
Symbol: A = B
Spoken: A equals B
Usage: A and B are sets
Meaning: Sets A and B have the same elements. Another way of saying this is that
regardless of the element x chosen from the universal set U, the statements x € A and
x € B will both be true or they will both be false.
Meaning stated formally using Subset Notation: A C Band BC A




Operations on Sets (from p. 381)
Symbol: AU B
Spoken: The union of A and B
Meaning: {x € U|x € Aor x € B}
Symbol: AN B
Spoken: The intersection of A and B
Meaning: {x € U|x € A and x € B}
Symbol: A€
Spoken: The complement of A
Meaning: {x € U|x & A}
Symbol: B — A
Spoken: B minus A
Meaning: {x € U|x € Band x ¢ A}

More abbreviated meaning: B N A°




Investigating Statements about Sets in Two Ways
1) Visualizing them using Venn Diagrams

2) Proving them using an Element Argument

[Example 1] 6.2#16 k .
Consider the following SetTdentity— Startme I\-‘_ ahml $¢7¢
Forall sets A,B,C,if ACS BthenANC S BNC

(a) Draw Venn Diagrams to illustrate the statement.
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(b) Prove the Statement using an Element Argument V/“ P) ( ( T+ Ac B e A n( >
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[Example 2] 6.2#9 (similar to Homework Problem 6.2#13)

—_—

Consider the following Set Identity:
Forall sets A,B,C, (A—B)U(C—-—B)=(AuC)—-B

(a) Draw Venn Diagrams to illustrate the set identity.

& g

A - C—Y3




(b) Prove the Set Identity using an Element Argument
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[Example 3] 6.2#18

Consider the following statement about sets

For all sets A, B If A € B then B¢ € A°

(a) Draw Venn Diagrams to illustrate the statement.
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(Recognizing the Contrapositive to Make a Proof Simple)
(b) Prove the Statement using an Element Argument Prave \7/ A.?) (:I‘F Ac b Ha B‘E ﬂc>

PF)0+ [‘b:rcci‘ Prso™

ﬂ g 0\6)01 ge gt‘j‘s /'};'P) 0\f267b;tn ﬂf\4 7L1’\ﬁt7£m(|\c ()a(hgu\\qrj

t\ement

(2) VXé\A.(I? xeh thn X e B) (f?a)wf

thaitiin T subsct
( 3 \ Vé)éu (\—t{: X %}6 thea, X ¢/£]\ Con'\‘rnpm‘h\uzféx
( L(\ X \('Bé W ( I+ Y)é'%ﬁ Yhen Y éﬁc) l;?@é;:ﬁ:fnfam/mﬁ

@\ﬂﬁ(’h qs N?D(/ _g_: Ac (\og (Lf ?ht\i\}d&‘;\mh :7[)
BoA g Qeest



[Example 4] 6.2#36
Consider the following statement about sets:

fCcB—AthnANC=¢

For all sq

(a) Draw a Venn Diagram to illustrate the stater
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(Using an Element Argument to prove that a set is the empty set)

(b) (similar to homewor( problem 6.2#35) Prove the statement using an Element Argurient
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Proving Statements About Sets Using Theorems and Previously Proved Results

The Element Argument that we used in [Example 2] to prove the Set Identity
For all sets A,B,C, (A—B)U(C—-B)=(AuC)—-B
1s the same sort of argument that would be used to prove two theorems presented in Section

6.2.

Section 6.2 Theorem about Subset Relations

Theorem 6.2.1 Some Subset Relations

1. Inclusion of Intersection: For all sets A and B,

@ANBCA and (b)ANBCB.

2. Inclusion in Union: For all sets A and B,

@ACAUB and (b)BCAUB.

3. Transitive Property of Subsets: For all sets A, B, and C,

ifACBand BC C,then A C C.




Section 6.2 Theorem about Set Identities

Theorem 6.2.2 Set Identities

Let all sets referred to below be subsets of a universal set U.

1. Commutative Laws: For all sets A and B,

@ AUB=BUA and (b) ANB=BNA.
. Associative Laws: For all sets A, B, and C,

@ AUBUC=AUBUC) and
b ANB)NC=ANMBNC).

. Distributive Laws: For all sets A, B, and C,

(@ AUBNC)=(AUB)N(AUC) and
b)) ANBUC)=ANB)UANC).

. Identity Laws: For every set A,

@ AUZ=A and (b) ANU-=A

. Complement Laws: For every set A,

@ AUA“=U and (b) ANA=.
. Double Complement Law: For every set A,

(A9 = A.

. Idempotent Laws: For every set A,

@ AUA=A and (b) ANA=A.




8. Universal Bound Laws: For every set A,
@ AUU=U and (b AN =0.
9. De Morgan’s Laws: For all sets A and B,
@ (AUB)=A"NB° and (b) (ANB) =A"UB".
10. Absorption Laws: For all sets A and B,
@ AUANB)=A and (b) AN(AUB)=A.
11. Complements of U and O:
@@ U= and (b) O°=U.
12. Set Difference Law: For all sets A and B,
A—B =ANB".

The 1dea of stating (and proving) these theorems is that they give us tools that can be used to
prove other subset relations and other set identities. In particular, those theorems give us
another way of proving the set identity that we proved in [Example 2] and [Example 4]. We

will revisit those examples and do that kind of proof now.



[Example 2] revisited
Continuing our discussion of the set identity:
Forall sets A,B,C, (A—B)U(C—-—B)=(AuC)—-B

(¢) Prove the set identity again, but this time, instead of using an element argument, use known
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[Example 4] revisited
Continuing our discussion of the statement about sets:
Forallsets A,B,CIf C S B—AthenANC = ¢

(c) Prove the set identity again, but this time, instead of using an element argument, use

Theorems and previously proved results
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