Video for Homework H07.1

Reading: Section 7.1 Functions in Susanna Epp’s book Discrete Mathematics

Homework: HO7.1: 7.1#5,6,7,12,14,18,25,28,32,39,42

Topics:
e Definition of Function
e Examples of Functions
e Function Equality

e Images of Sets and Preimages of Sets



Recall from Chapter 1:

Ordered Pairs and Ordered n-tuples, definitions from Chapter 1

Given elements a and b, the symbol (a. b) denotes the ordered pair consisting of
a and b together with the specification that a is the first element of the pair and b
is the second element. Two ordered pairs (a, b) and (¢, d) are equal if, and only if,
a = c and b = d. Symbolically:

(a,b) =(c,d) meansthat a=candb =d.

Let n be a positive integer and let x;, x»,...,x, be (not necessarily distinct) ele-
ments. The ordered n-tuple, (x,, x3,...,x,), consists of x|, x5, ..., x, together with
the ordering: first x;, then x,, and so forth up to x,,. An ordered 2-tuple is called an
ordered pair, and an ordered 3-tuple is called an ordered triple.

Two ordered n-tuples (xy, x2,...,x,) and (vy, ¥2...., V,) are equal if, and only
if, x) = ¥, % = Yoo, and x, =

Symbolically:

(X2 s X)) = O Yo s V) . X =VRX2= Yoo Xy = Ve




The Cartesian Product of Sets, definition from Chapter 1

Given sets Ay, A, ..., A, the Cartesian product of A A, ... A, denoted
Ay X Ay X -+ X A, is the set of all ordered n-tuples (a,. a,. ..., a,) wherea, € A,
S ), AW,

Symbolically:

A| XAE }("'XA" — {{at,az,...,a,,]|a| Eﬂj,ﬂ:Eﬁz....,ﬂuE{i"}.

In particular,
A| X Az = {{ﬂ'],ﬂz} | Ly (= AI and [£5) Eﬂz_}

is the Cartesian product of A; and A,.




Exponent notation for some Cartesian Products

Just as the cartesian product R X R X R is often denoted R3, one can denote the Cartesian

product of n copies of any set

AXAX--XA

n

by the symbol
An

In particular, we can denote the Cartesian product

{0,1} x {0,1} x -+ x {0,1}

n

by the symbol
{0,1}"



Relations and Functions, definitions from Chapter 1

Let A and B be sets. A relation R from A to B is a subset of A X B. Given an ordered
pair (x, y) in A X B, x is related to y by R, written x R y, if, and only if, (x, v) is in R.
The set A is called the domain of R and the set B is called its co-domain.

The notation for a relation R may be written symbolically as follows:

xRy meansthat (x,y) €R.

The notation x Ky means that x is not related to y by R:
xK y means that (x,y) & R.

A function F from a set A to a set B is a relation with domain A and co-domain B
that satisfies the following two properties:

1. For every element x in A, there is an element y in B such that (x, y) € F.
2. Forall elements xin A and yand z in B,
if (x,yyEFand(x.z7)EF, then y=_z

§:h—D

y
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In Chapter 7, we study functions in more detail. We begin with a more complete definition of

function, one that includes some associated terminology. Here is the Chapter 7 Definition

A function f from a set X to a set Y, denoted f: X — Y, is a relation from X, the domain
of f. to ¥, the co-domain of f, that satisfies two properties: (1) every element in X is relat-
ed to some element in Y, and (2) no element in X is related to more than one element in Y.
Thus, given any element x in X, there is a unique element in Y that is related to x
by f. If we call this element y, then we say that “f sends x to ¥" or *f maps x to y"
and write x 2 vor f: x— y. The unique element to which f sends x is denoted

Sf(x) andiscalled fofux,or
the output of f for the input x, or
the value of f at x, or
the image of x under f.

The set of all values of f taken together is called the range of f or the image of X
under f. Symbolically:

range of f = image of X under f= [y € Y|y = f(x). for some x in X}.

Given an element y in ¥, there may exist elements in X with y as their image. When
x is an element such that f{x) = y, then x is called a preimage of y or an inverse
image of y. The set of all inverse images of y is called rhe inverse image of v.
Symbolically:

the inverse image of y = (x € X | f(x) = y}.




Examples of functions

Particularly Simple Function: The Identity Function

The Identity Function on a Set
Symbol: Iy or idy
Spoken: the identity function on X

Usage: X 1s a set
Meaning : a function Iy: X — X defined by Iy(x) = x )

m
[Example 1] (similar to 7.1#5) g;_

(@) Ip(7) = 7

(b) Ip(esn®) = ﬁ( - sia(e\)

>
>

N o

N~



Sequences can be thought of as functions
In Section 5.1, we discussed sequences. In the video for H05.1, I introduced a simple

definition of sequence as a list of numbers.

Definition of Sequence (from video for H05.1)
A sequence is a list of numbers
If the list ends, the sequence is called a finite sequence.
If the list goes on forever, the sequence is called an infinite sequence.
The numbers on the list are called the terms of the sequence.
The first term of the sequence is called the initial term.

If the last term of a finite sequence is called the final term.

Two sequences are said to be the same if they are the same list of numbers.




But in Section 5.1, we also found explicit formulas for lists. In other words, a sequence can

also be thought of as a function. Here is the book’s definition of sequence, from Section 5.1.

Definition

A sequence is a function whose domain is either all the integers between two given
integers or all the integers greater than or equal to a given integer.

Notice that the definition allows for lists of things that are not numbers. For instance, the list

of months of the year could be thought of as a sequence whose domain is the set {1,2, ...,12}.



In our Examples from the video for HOS.1, we saw that the form of the explicit formula

depends on the choice of the starting index.

[Example 2] (From Video for H05.1) Consider the sequence 3,6,12,24,48,96
(a) Find an explicit formula for the sequence, using a starting index of 0.

(b) Find an explicit formula for the sequence, using a starting index of 1.

In the terminology of functions, we would say that the formula for the function depends on the

choice of domain. That is, the questions from the example above could be rewritten:

[Example 2] (revisited)(similar to 7.1#6) Consider the sequence 3,6,12,24,48,96
(a) Find a function with domain the set Z"°""€9 that describes the sequence.

(b) Find a function with domain the set Z* that describes the sequence.

You have a homework problem of this sort. (7.1#6)



Functions with More General Domains

Most (or all) of your previous experience with functions has been with functions whose
domains are sets of numbers. But nothing in the definition of function requires that the domain

be a set of numbers.

Often it is useful to use functions that take as input a set, rather than a number. And in those
situations, one is interested in investigating a particular collection of sets of a certain type. It is
helpful to have terminology that narrows down the category of sets that are being considered,

and to have notation for that category. One term that i1s useful is the power set of a given set.

Definition

Given a set A, the power set of A, denoted P(A), is the set of all subsets of A.

In these notes, the font that I will use for the power set is a slightly different script:

P(A)



[Example 3] (simlar to 7.1#7) Consider the following set of people
A = {Ann,Bill,Carol,David,Ed,Frank,Ged,Hank,lona,James,Kelly,Larry,Mark}
Define a function f: P(A) — Z by

(1 if S has 3 elements
den NI /P[ﬂ'> o /' f(8) = {O otherwise
[] 'Ma”\ Z
Then

f ({Carol,Hank,James,Larry}) = O
-~ S —

Ll name§

f({Carol,Hank,James}) = \

st A has 1D aamtd Ia T



Even functions that involve just numbers can be complicated by having the numbers part of

more complicated structures. For instance, functions can have input or output consisting of

ordered n-tuples of numbers.

[Example 4] (similar to 7.1#12) Let /,, = {0,1,2,3,4,5,6,7,8,9}
Define a function f: J;9 X J10 X J10 = J10 X J10 bY

f(a,b,c) = ((a + b + c)mod 10, (abc)mod 10)

BT+ md ) | Q’)‘M\W‘ L

Then

Ny o\f_é‘m(’i outpnt™  ocdeced Pacr
iy

_ (Bmod10) 5~ 10)
= (3,6)



Some common mathematical functions have descriptions that are not simple formulas.

Definition Logarithms and Logarithmic Functions

Let b be a positive real number with b # 1. For each positive real number x, the
logarithm with base b of x, written log ;, x, is the exponent to which b must be raised
to obtain x. Symbolically:

logo,x=y & b=ux

The logarithmic function with base b is the function from R" to R that takes each
positive real number x to log,, x.

You have a homework question (7.1#18) involving various logarithm functions and their

corresponding exponential functions.



Projections
S—_—

We started this video with a discussion of the identity function on a set. Although it is a very
simple function, it is often very important. Another simple but useful class of functions comes

up when dealing with cartesian products of sets. The functions are called projections, and they
~’_\'

P

have to do with basically leaving out some of the coordinates in a cartesian product, to

L

produce a new cartesian product with fewer coordinates. We will only discuss a simple
\/- 4——_\_—'

example of projection here.

The Projection onto the k** Coordinate
Symbol: p, or m,
Spoken: the projection onto the k" coordinate
Usage: There is a cartesian product A; X A, X =+ X A X --- X A, In use

Meaning : the function pj: A; X A, X -+ X Ay X -+ X A,,, = Ay defined by

pk((a1; az, ..., Ak, ""am)) = Qg




—_—

[Example 5](similar to 7.1#15) Let X = Z* and Y = {a, b, ¢, d, e} a

Then p, is the function p,: X X Y X Z — Y defined by p,(x,y,2z) = v, etc.

Sop,((13,d,i)) = o{

7]
and p3((13, d, i)) = l



Functions Involving Strings and Bit Strings
Ordered n-tuples were introduced in Chapter 1. The definition is copied for reference at the

start of this video.

A string is a slight variation on the idea of ordered n-tuples.

Let n be a positive integer. Given a finite set A, a string of length n over A is an or-
dered n-tuple of elements of A written without parentheses or commas. The elements
of A are called the characters of the string. The null string over A is defined to be
the “string™ with no characters. It is often denoted A and 1s said to have length 0. If
A = [0, 1}, then a string over A is called a bit string.

In the homework assignment HO7.1 for this section, you have a problem (7.1#28) that is about
functions whose domain and codomain are sets of bit strings of a certain length. That exercise
references an example presented in Section 7.1. The point of the exercise is for you to
carefully read the example and understand it. I won’t discuss the concepts here, except to say

that there 1s no difficult math involved, just careful reading.



Boolean Functions

Boolean functions are introduced on page 432.

An (n-place) Boolean function fis a function whose domain is the set of all ordered
n-tuples of 0’s and 1's and whose co-domain is the set {0, 1}. More formally, the
domain of a Boolean function can be described as the Cartesian product of n copies
of the set [0, 1}, which is denoted {0, 1}". Thus f: {0, 1}" — {0, 1}.

The book’s discussion of the topic is excellent, and there is no need for me to discuss the topic

in this video. I will point out that in the book’s discussion, you will read that there are multiple

ways of presenting a particular Boolean function:
e a formula
e an arrow diagram
e a table of values
One of your homework exercises (7.1#32) is about finding the output values for a three-place

Boolean function, and giving an alternate presentation of the function involving a table.



‘When are two functions equal?

The concept of function equality sounds like it would not be confusing. But in practice, many

students do not really understand what it means.

For instance, are these two functions equal?

Many students will say that these two functions are equal. But they are not equal.

Why aren’t they equal? What is the criterion for function equality?



The key 1s to remember that a function is a relation, which means that a function is a subset of

a Cartesian product that satisfies a certain requirement.
That is, a function f: A — B is a subset of the Cartesian product A X B with the property that
for every a € A, there is exactly one ordered pair (a, b), where b € B, in the set. The element

b in the set (a, b) is denoted f(a). Using this symbol, we would say that for every a € A, the

set f contains exactly one ordered pair (a, f (a)), where f(a) € B.
So a function f is a set of ordered pairs.

And a function g is a set of ordered pairs.



We already know what it means to say that two sets are equal: they contain exactly the same
elements. Therefore, to say that two functions f and g are equal means that they contain
exatly the same ordered pairs. But that means that they have to have the same domain A and

codomain B, and for every a € A, the elements f(a) = g(a).

We see that the functions
(x+3)(x—2)
(x —2)

are not equal because they do not have the same domain.

f&x) = and g(x) = (x +3)

The domain of g is the set a\\ CeA \ N W m\)(’/ c$ K

The domain of f is the set 0\\\ (‘ejv\ nw m\){ﬂ W[C')‘T X?',l \ ‘K "‘ngé

So the functions are not equal. —
0(3)> 5D =5

;t; (7—2’) b’ O e m]L
N () = C’@B 2 > ~° Olw{/’n“




You have a homework problem (7.1#14) involving two functions whose formulas involve the

floor and ceiling functions, which were introduced in Section 4.6

Given any real number x, the floor of x, denoted | x|, is defined as follows:
X |x| = that unique integer n suchthatn = x <n+ 1.
Symbolically, if x is a real number and » is an integer, then

lx|=n & n=x<n+l.

Given any real number x, the ceiling of x, denoted [x], is defined as follows:

>< [x] = that unique integer n such thatn— 1 < x = n,
Symbolically, if x is a real number and n is an integer, then

Xl=n & n—-1<x=n.

For example, Lﬂj S ‘5 r lrl\'\] ~ [,l
[S|=5 [s] =5

Y our homework problem involves the question of whether two given functions involving floor

and ceiling are equal. I won’t discuss a similar example here.



Images and Preimages

The book has the following definition of the image of a set and the inverse image of a set.

If f: X — Yisafunctionand A C X and C C Y, then
f(A) = [y € Y|y = f(x) for some x in A)

and fC)=(xEX| fx) € C).
f(A) is called the image of A, and [~ '(C) is called the inverse image of C.

A more common term for inverse image is preimage.

There is some subtlety here, because the notation can be misleading.



[Example 6] For the function f: R — R defined by f(x) = x?

(a) Find the image of {—5,4} 5(;— )’} b]g\ = {g[ﬁ') gé»t)% - gﬁleé

(b) Find the image of (—5,4 ( —f—B—>) = EO 1§>
0

55

(¢) Find the inverse image of 9 S"'l \

(d) Find £71(0) = %O%

SSQ‘\ 7( ”{N) Ny l’\”H/l AN 1aveell i;“M'TW‘
\"CCOW\\(_ %’Qq 2( 1S T gne-ti-dn e
mFmdthePRl@«"‘%e of —5 S-VIACHM Kavlg Fhe T \ /5(5)

7 — eS) .
| 5\ X 'a\\MS ‘\WIL Xl'; -9 hory ATa) | ,\b-)
(g) Find the prelmage Of( 5 4) 45 ls +the CocrecT aanswer S~
% ( 5 = (-2,2)

‘rker& LS ¢MIS+4\<0 I~ "’\n,c, vn‘o{ea L\¢F@. .>

(e) What is the inverse function?




Note that the symbol f~1 in general does not denote a function in the ordinary sense. It does

not take as input a number and produce as output a number.

For instance, the f(x) = x? does not have an inverse function in the ordinary sense. It can’t

because f(x) = x? is not one-to-one.

But sometimes the symbol f ™1 in does denote a function in the ordinary sense. For instance,

the function g(x) = x3 has an inverse function g~1(x) = x1/3

It is interesting to realize that for any function f: A — B, the symbol f~1 does actually denote
a function of a different sort.
e The domain of f~1 is the set of all subsets of B.
e The codomain of f 1 is the set of all subsets of A.
That 1s,
f~L:P(B) » P(4)



[Example 7] (similar to 7.2#42)

(a) Prove or@ove. VEF:X - Y(VA,B c X(F(A)NF(B) < F)

Fale! [ Se= x> S R—R
Let %}:{»,23 B=§a23
- §(t43) =4
%@\ 5(553) > f%
%5000 5(3)= fRnf4= £43

bt Anb = FB0S =0

@A‘%\ %(‘1)\ D

e §@) N TRy € $An D)




[Example 7], continued
( Disprove: VF: X - Y (VA,B C X(F(A) UF(B) € F(AU B))) [gwm\m *‘b

—rrvw ‘

\__f%{_\ gﬂ()ﬁl% F"Y"’ V ard A,% E_X (gener,\c /Mr%h.,l..r a/eme,{)j)
(3) Sepre Y€ IOV | |
G’) Then ‘;éé f@) ocC (‘jc’ %3) (Q)*\’Aéa@}\;ﬁ—,m o M\\M\B
Casel  whe Ye $(A)

(1) C"‘(’("“‘ ‘0 ég@x - Mld[ﬁ.nﬁ'-m
E) Thee  oxifts  an a& A 50\61’\ Pt 9 - gl‘{) U,a :1 ;ﬁmje xfam‘)

£ u’EU\T GE AUE ng  wel) ha o(d‘v\\_)‘h:n 07( vu\:oo-\ )
(6_1-73 %V\T Fvyak means b e—():(ﬁ Vv B) (L)J ;) 6) aM(o(a(\‘,\‘\.},h DAF

' \ "\Nt;e_n(-th.
ln g cage




Q’\_SLQ: When :)é%@}

(8) Suppsse y a g;[%> “ %G))

Cq TN(L €/)(/§7‘5 0 ))EB Smch H\AT
\ ('00 (&) an ddratin of ]m,.a(?,,gﬁ af,j)
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