
Video for Homework H07.3 

 

Reading: Section 7.3 Composition of Functions 

 

Homework: H07.3: 7.3#4,5,7,9,14 

 

Topics: 

• Definition of Function Composition 

• Examples of Compositions 

• Compositions of Injective and Surjective Functions 

• Compositions and Inverses 

  



Concepts from Section 7.1 that will be important: 

 

The Identity Function on a Set 

 

The Identity Function on a Set 

Symbol: 𝐼𝑋  or  𝑖𝑑𝑋 

Spoken: the identity function on 𝑋 

Usage: 𝑋 is a set 

Meaning : a function 𝐼𝑋: 𝑋 → 𝑋 defined by 𝐼𝑋
(𝑥) = 𝑥 

 

The Floor Function  

 



Concept from Section 7.2 that will be important: Injective Functions 

 

Definition of Injective Function 

Words: 𝑓 is injective,  or  𝑓 is an injection, or 𝑓 is one-to-one 

Usage: 𝑓 is a function, 𝑓: 𝑋 → 𝑌 

Meaning: If two inputs cause outputs that are equal, then the inputs must be equal. 

Meaning Written Formally: ∀𝑥1, 𝑥2 ∈ 𝑋(𝐼𝑓 𝑓(𝑥1
) = 𝑓(𝑥2

) 𝑡ℎ𝑒𝑛 𝑥1 = 𝑥2
) 

Contrapositive Meaning: If two inputs are not equal, then the outputs will not be equal. 

Contrapositive Written Formally: ∀𝑥1, 𝑥2 ∈ 𝑋(𝐼𝑓 𝑥1 ≠ 𝑥2  𝑡ℎ𝑒𝑛 𝑓(𝑥1
) ≠ 𝑓(𝑥2

)) 

Other Wording: For every element in the codomain, there exists at most one element of 

the domain that can be used as input to cause that element of the codomain to be output. 

Other Formal Presentation: ∀𝑦 ∈ 𝑌(∃ at most one 𝑥 ∈ 𝑋(𝑓(𝑥) = 𝑦)) 

 

  



Concepts from Section 7.2 that will be important: Surjective Functions 

  

Definition of Surjective Function 

Words: 𝑓 is surjective, or  𝑓 is a surjection 

Alternate Words: 𝑓 is onto 

Usage: 𝑓 is a function, 𝑓: 𝑋 → 𝑌 

Meaning: For every element in the codomain, there exists an element of the domain (at 

least one) that can be used as input to cause that element of the codomain to be output. 

Meaning Written Formally: ∀𝑦 ∈ 𝑌(∃𝑥 ∈ 𝑋(𝑓(𝑥) = 𝑦)) 

 

 

 

  



Concepts from Section 7.2 that will be important: Bijective Functions 

 

Definition of Bijective Function (updated with new lines) 

Words: 𝑓 is bijective,  or  𝑓 is a bijection  or  𝑓 is a one-to-one correspondence 

Usage: 𝑓 is a function, 𝑓: 𝑋 → 𝑌 

Meaning: 𝑓 is both injective and surjective. (𝑓 is both one-to-one and onto.) 

Other Wording: For every element in the codomain, there exists exactly one element of 

the domain that can be used as input to cause that element of the codomain to be output. 

Meaning Written Formally: ∀𝑦 ∈ 𝑌(∃! 𝑥 ∈ 𝑋(𝑓(𝑥) = 𝑦)) 

 

  



Concepts from Section 7.2 that will be important: Inverse Functions 

 

Theorem 7.2.2 When an Inverse Map will be a Function 

If a function 𝑓: 𝑋 → 𝑌 is bijective, then the inverse map 𝑓−1
: 𝑌 → 𝑋 defined by saying  

𝑓
−1(𝑦) = 𝑥 means 𝑓(𝑥) = 𝑦 

will have the qualifications to be called a function.  

 

Definition of the Inverse Function 

If a function 𝑓: 𝑋 → 𝑌 is bijective, then the inverse map 𝑓−1
: 𝑌 → 𝑋 (which is guaranteed to 

be a function by Theorem 7.2.2) is called the inverse function for 𝑓. 

 

Theorem 7.2.2 The Inverse Function will be Both Injective and Surjective 

If a function 𝑓: 𝑋 → 𝑌 is bijective, 

then its inverse function 𝑓−1
: 𝑌 → 𝑋 will also be bijective. 

.  



Definition 

There is a typo in this Definition. It should say 

𝑓: 𝑋 → 𝑌′ and 𝑔: 𝑌 → 𝑍 and it should also say that 𝑌′ ⊆ 𝑌. (See the picture.) 

 

  



[Example 1] (Similar to 7.3#4)  

Define 𝑓: 𝑹 → 𝑹 by 𝑓(𝑥) = 𝑥
3 

Define 𝑔: 𝑹 → 𝑹 by 𝑔(𝑥) = 𝑥
1/3 

(a) Find 𝑓 ∘ 𝑔 

(b) Find 𝑔 ∘ 𝑓 

(c) Does 𝑓 ∘ 𝑔 equal 𝑔 ∘ 𝑓? 

 

  



This illustrates the following theorem. 

 

 

 

  



[Example 2] (Similar to 7.3#4)  

Define 𝑓: 𝑹 → 𝑹 by 𝑓(𝑥) = 𝑥
2 

Define 𝑔: 𝑹
𝒏𝒐𝒏𝒏𝒆𝒈

→ 𝑹 by 𝑔(𝑥) = √𝑥 = 𝑥
1/2 

(a) Find 𝑓 ∘ 𝑔 

(b) Find 𝑔 ∘ 𝑓 

(c) Does 𝑓 ∘ 𝑔 equal 𝑔 ∘ 𝑓? 

 

  



[Example 2](revised)  

Define 𝑓: 𝑹 → 𝑹
𝒏𝒐𝒏𝒏𝒆𝒈 by 𝑓(𝑥) = 𝑥

2 

Define 𝑔: 𝑹
𝒏𝒐𝒏𝒏𝒆𝒈

→ 𝑹 by 𝑔(𝑥) = √𝑥 = 𝑥
1/2 

(a) Find 𝑓 ∘ 𝑔 

(b) Find 𝑔 ∘ 𝑓 

(c) Does 𝑓 ∘ 𝑔 equal 𝑔 ∘ 𝑓? 

 

  





[Example 3](similar to 7.3#7)  

Define 𝑓: 𝒁 → 𝒁 by 𝑓(𝑛) = 𝑛
3 

Define 𝑔: 𝒁 → 𝒁  by 𝑔(𝑛) = 𝑛 mod 4 

(a) Find 𝑓 ∘ 𝑔(3) and 𝑔 ∘ 𝑓(3) 

(b) Find 𝑓 ∘ 𝑔(2) and 𝑔 ∘ 𝑓(2) 

(c) Does 𝑓 ∘ 𝑔 equal 𝑔 ∘ 𝑓? 

 

  



[Example 4](similar to 7.3#9)  

Define 𝑓: 𝑹 → 𝑹 by 𝑓(𝑛) = 3𝑛 

Define 𝑔: 𝑹 → 𝑹  by 𝑔(𝑛) = ⌊𝑛/3⌋ 

(a) Find 𝑓 ∘ 𝑔(3) and 𝑔 ∘ 𝑓(3) 

(b) Find 𝑓 ∘ 𝑔(2) and 𝑔 ∘ 𝑓(2) 

(c) Does 𝑓 ∘ 𝑔 equal 𝑔 ∘ 𝑓? 

 

  



Not all compositions are difficult: 

 

 

 

 

 

 

 

  



[Example 5](similar to 7.3#9)  

Define sets 𝐴 = {𝑥 ∈ 𝑹|𝑥 ≠ 3} and 𝐵 = {𝑥 ∈ 𝑹|𝑥 ≠ 1} 

Define 𝑓: 𝐴 → 𝐵 by 𝑓(𝑥) =
𝑥 − 2

𝑥 − 3
 

Define g: 𝐵 → 𝐴 by 𝑔(𝑥) =
3𝑥 − 2

𝑥 − 1
 

(a) Find 𝑓 ∘ 𝑔 

(b) Find 𝑔 ∘ 𝑓 

 

  





Missing Theorem 

Theorem 7.3.2 says that the composition of a function with its inverse equals the identity 

function: 

 

 

There is another theorem that is sort of a converse to Theorem 7.3.2, but it is not stated as a 

theorem in our book. Rather, it shows up as Exercise 7.3#28. I will state it as a Theorem. 

 

Missing Theorem A (discussed in 7.3 # 28) (sort of the converse of Theorem 7.3.2) 

Suppose 𝑓: 𝐴 → 𝐵 and 𝑔: 𝐵 → 𝐴 

If 𝑔 ∘ 𝑓 = 𝑖𝑑𝐴 and 𝑓 ∘ 𝑔 = 𝑖𝑑𝐵. then functions 𝑓 and 𝑔 are inverses. 

  



Compositions of Injective Functions 

 

 

  



The converse statement is not a theorem 

 

Suppose 𝑓: 𝑋 → 𝑌 and 𝑔: 𝑌 → 𝑍 

It is possible for 𝑔 ∘ 𝑓 to be injective without both 𝑓 and 𝑔 being injective 

 

  



But there is a partial converse that is a theorem 

There is another theorem that is a partial converse to Theorem 7.3.3, but it is not stated as a 

theorem in our book. Rather, it shows up as Exercise 7.3#21. I will state it as a Theorem. 

 

Missing Theorem B (discussed in 7.3 # 21) (partial converse of Theorem 7.3.3) 

Suppose 𝑓: 𝑋 → 𝑌 and 𝑔: 𝑌 → 𝑍 

If 𝑔 ∘ 𝑓 is injective, then 𝑓 is injective. 

 

  



Compositions of Surjective Functions 

 

 

  



The converse statement is not a theorem 

 

Suppose 𝑓: 𝑋 → 𝑌 and 𝑔: 𝑌 → 𝑍 

It is possible for 𝑔 ∘ 𝑓 to be surjective without both 𝑓 and 𝑔 being surjective 

 

  



But there is a partial converse that is a theorem 

There is another theorem that is a partial converse to Theorem 7.3.4, but it is not stated as a 

theorem in our book. Rather, it shows up as Exercise 7.3#22. I will state it as a Theorem. 

 

Missing Theorem C (discussed in 7.3 # 22) (partial converse of Theorem 7.3.4) 

Suppose 𝑓: 𝑋 → 𝑌 and 𝑔: 𝑌 → 𝑍 

If 𝑔 ∘ 𝑓 is surjective, then 𝑔 is surjective. 

 

 

  



[Example 6](7.3#29) A surprising Result about Inverses of Compositions 

Suppose 𝑓: 𝑋 → 𝑌 and 𝑔: 𝑌 → 𝑍 are both bijective 

(a) Prove that 𝑔 ∘ 𝑓 is bijective 

(b) Prove that (𝑔 ∘ 𝑓)−1 is a function. 

(c) Prove that (𝑔 ∘ 𝑓)−1
= 𝑓

−1
∘ 𝑔

−1 

 

 

 

  








