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Subject: Relations on a Set
e The Cartesian Product of Sets
e Relations on a Set
e Properties of that Relations on a Set may or may not have

e Equivalence Relations

Textbook: Millman & Parker, Geometry: A Metric Approach with Models, Second Edition
(Springer, 1991, ISBN 3-540-97412-1)

Reading: Section 1.2 Sets and Equivalence Relations, pages 4 - 7

Homework: Section 1.2 # 6,8,9,13,14,15,18,19



The Cartesian Products of Sets

Definition of Ordered Pair
Let A and B are sets. An ordered pair is a symbol (a, b) where a € A and b € B.

Two ordered pairs (a, b) and (c,d) are equal ifa = cand b = d.

Definition of Cartesian Product
Symbol: A X B (pronounced A cross B)
Usage: A and B are sets.
Spoken: The Cartesian product of A and B
Meaning: the set A X B = {(a,b)|a € Aand b € B}

Power Notation: The cartesian product of a set with itself is sometimes denoted using

exponent notation. That is, 4 X A is sometime denoted AZ.




[Example 2] The symbol R? denotes the Cartesian product R X R. In this cartesian product, the
symbols (2,3) and (3,2) denote different ordered pairs. Order matters in ordered pairs. Compare

this to set notation, where order does not matter. For example, {2,3} = {3,2}.



Relations on a Set

Definition of Binary Relation on a Set
Words: R is a binary relation on S
Meaning: S isaset,and R € § X S. That is, R is a set containing ordered pairs from S X S.
Additional Terminology and Notation
words: s is related to t
symbols: .R; or s ~ t, but many other symbols can also be used.
meaning: (s,t) ER
words: s is not related to t
symbols: (K, ors +t

meaning: (s,t) € R

It 1s often helpful to illustrate a binary relation on a set. In general, there can be more than one way
to do this. For binary relations on the set R, the illustration can be in the form of a graph in the R?

plane.



[Example 3] The Less Than Relation
Define R = {(x,y) € R?|x < y}
We could say that the symbol , R, means x <y, or say that x ~ y means x <y.

But 1t is simpler to just use the symbol < to denote this relation.

Notice that statements involving relation symbols can be true or false. For example, the statement
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[Example 4] The Less Than Or Equal To Relation
Define R = {(x,y) € R?|x < y}
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End of [Example 4]




[Example 5] Define R = {(x,y) € R?|x? = y?}
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End of [Example 5]




[Example 6] = y +y° =
Define R = {(
x,y) € R?|x?
) € R?|x% +y2 =1}
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End of [Example 6]




Three Properties That Relations on a Set May or May Not Have

Definition of Refexive Relation
Words: R is a reflexive relation on S.
Meaning: Every element in S i1s related to itself

Meaning written formally: Va € S(a ~ a)

Definition of Symmetric Relationt
Words: R 1s a symmetric relation on S.
Meaning: For every a, b in S, if a is related to b, then b is related to a.

Meaning written formally: Va, b € S(Ifa ~ b then b ~ a)

Definition of Transitive Relation
Words: R is a transitive relation on S.

Meaning: For every a, b, c in S, if a is related to b and b 1s related to c, then a is related to c.

Meaning written formally: Va, b, c € S(If ((a ~b)and (b ~ c)) then a ~ c)




We are often interested in determining whether or not a particular relation has any of the three

properties above.

Each of the three properties of relations is a logical statement. Each may be true or false. If the
statement of one of the properties is #frue for a certain relation, then we say that the given relation
has that property. If the statement of one of the properties is false for a certain relation, then we say
that the given relation does not have that property. If the statement of one of the properties is false,
then the negation of that statement will be frue. Therefore, it is important to understand how to find

the negations of each of the three statements above.

Finding the negation of quantified statements may have been discussed in your MATH 3050 or CS

3000 course. But we will need to review the concept here, just in case it was not.



Negation of the statement of Reflexivity
Words: R is a reflexive relation on S.

Meaning written formally: Va € S(a ~ a)

To find the negation of this statement, we proceed in stages:

NOT(\J\M_S) (f_ﬂ)) o e Wy To b

— GimpFyny By oty

a/a:_?o\] DT{Q,LU__&)\ Me A%ad\m P e riht

Jemnent ,)/L
e P 0"3 il Ctﬁqper‘;‘\'\f]:c;qj“;“

\ U 01/- ra
T\'\U& YARIETS an aQW\c/\T AN g SudnTh mnl\gghf‘ob

7,8 :S /\.)T (‘AW}‘J R "—\‘S('[{

,,\\J q’\o\e /\d},n)t.u ~




Negation of the statement of Symmetry

Words: R 1s a symmetric relation on S.

Meaning written formally: Va,b € S(Ifa ~ bthen b ~ a)

When finding the negation , we will need this fact about the negation of conditional statements:

The negation of a conditional statement is an and statement:

NOT(If P then Q) = P and NOT(Q)
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Negation of the statement of Transitivity

Words: R is a transitive relation on S.

Meaning written formally: Va, b, c € S(If ((a ~b)and (b ~ c)) then a ~ C)
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[Example 3, Revisited] Recall the Less Than Relation.
R ={(x,y) € R?|x <y}

Which properties does the Less Than Relation have? Justify your answers.
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[Example 4, Revisited] Recall the Less Than or Equal To Relation.

-~

R={(xy) ER*x <y}

Which properties does the Less Than OR Equal To Relation have? Justify your answers.

ﬂ\;é (‘M“M\L’( (‘L{:lc/)(f\/e, -
Proob Lef X he M& cead numboer /3mwcc dement oF HZB

T\/\e/\ ><4_-_ X I‘S Trwe, ga X l; {‘Jﬂ/‘&/, fos;}k”’
T\”;S (‘JLOQL‘.“‘ y NAY %ymmdr\\c
o -VXmM(\‘lc) \eJ- )(—‘*%9:5 |
O\Dstﬁl& \"\'\ﬁ\# Qés— )5'}& w\'\\\{ 5_._4,;)5 % .

ﬂ( F&\MTHM 'S Y eang r}lu
ok, c 1R Ct{l @i\o ok \oiC.j Fhen Qia\

Yo i Pre Trangirest prpely ot raad omeher ingualt,




[Example 5, Revisited] Recall the relation from [Example 5].
R ={(x,y) € R?|x* = y?}

Which properties does the relation have? Justify your answers.
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[Example 6, Revisited] Recall the relation from [Example 6]. (g]\\ N ,
/
R={(xy) € R¥x? +y? = 1} m
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[Example 7] Define a relation on the set Z of integers as follows.
R = {(m,n) € Z?|m — n is a multiple of 5}
Which properties does the relation have? Justify your answers.
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Equivalence Relations

Definition of Equivalence Relation
Words: R 1s an equivalence relation on S.

Meaning: R is reflexive and symmetric and transitive.




[Example 8] Which of the [Examples 4,5,6,7] are Equivalence Relations? Justify your answers.
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Equivalence Classes

Definition of Equivalence Class
Symbol: [s]
Usage: There is an equivalence relation R on a set S in the discussion, and s € S.

Spoken: The equivalence class of s.

Meaning: the subset of S consisting of all the elements of S that are related to s.
Meaning written formally: [s] = {x € S|x ~ s}

Additional Terminology: The element s € § is called a representative of the equivalence

class [s].




[Example 5, Revisited] Recall that the relation from [Example 5] 1s an equivalence relation.
R ={(x,y) € R?|x* = y?}

a) What is [2]? _ 3

(a) §-2,2

(b) What is [5]? é -5 f;g

(¢) What is [ % -2 2%

(d) What would be a general description of all equivalence classes?
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(e) What is [0]? Does this agree with the answer from (d)?
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[Example 7, Revisited] Recall that the relation from [Example 7] 1s an equivalence relation.

R = {(m,n) € Z?|m — nis a multiple of 5}

What is [2]? .. .
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(d) What would be a general description of all equivalence classes?
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Theorem about Equivalence Classes

Our discussion of [Examples 5,7] should make the following theorem believable:

Theorem 1.2.7 about Equivalence Classes

If ~ is an equivalence relation on a set S and s,t € S, then either [s] N [t] = ¢ or [s] = [t].

This tells us that either two equivalence classes are actually the exact same set, or they are

completely disjoint. There is no partial overlap of equivalence classes.

It also tells us that it doesn’t matter which element of an equivalence class we use as a
representative of an equivalence class when we write the symbol for the equivalence class. For
example, in [Example 7], there are lots of ways to denote the equivalence class of 2.

2] ={...,—8,-3,2,7,12,...} = [-3] = [12]

Put another way, there can be many representatives of a particular equivalence class.

End of Video



