Video for Homework H02.1
Reading: Epp’s Section 2.1 Logical Form and Logical Equivalence

Definition of Statement
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Building Statements From Other Statements

The Simplest Way: The Negation

Definition of the negation

symbol: P

spoken:  +\he Ne mﬁ‘;an of P 4a NoT P

usage: o S Somt Stalemtnt.

meaning: &/ P 4 a Npw  shaTe MmUAT Wl/\o{e EFratr A J.S
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Example involving an actual statement Qb\(e’

The negation of the statement H VEHD\JG N\ \-g “ N fqﬂ\cm L){ C

Would be denoted

r\)(\‘\n\\awee,\ 1S s Saﬁemker—)

Would be converted to a sentence most simply by just putting the words “It 1s not the case

that” in front.

T 'S r\ﬁ The CA(p Prat” Hm Noween .} Y /)‘}emlo{ r.

But this could be expressed more clearly as

Hq\loweer\ t\s T e SL()‘\LN\ ber .

o +ro .

In the coming week, we will encounter this idea again, that there may be a simple way to
\

construct the sentence for a negation, but that simple way of constructing the sentence might

not be the clearest. We will look for clearer ways of writing the sentence.
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Building Statements from Other Statements in More Complicated Ways:

Compound Statements

One Compound Statement: The Conjunction (the Logical AND)

Definition of the logical AND

symbols:  AND 4 = /\2
spoken: D gl
usage: \ 2 —F V\Iao(g(, Z

V.4 ace Statemenss
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meaning:
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Another Compound Statement: The Disjunction (the Logical OR)

Definition of the logical OR

symbols: p ORg¢ or PV q

spoken: T oc ¢ P vee A

usage: T, 4 ore S Fatement

meaning: o \, 9 'S o AW ¢ Patement uul'\dsc Frabn \.3
91\10,/\ hy Has Table,

truth of p | truth of g | truth of p V g

T T T
T F T
F T T

F F F

Remark: the /logical OR is also sometimes called the inclusive OR.




Another Compound Statement: The exclusive OR

Definition of the exclusive OR

symbols: P XOo®R q or *F@ Z

spoken: T exclaqer or Z

usage: \ 7, ace SToﬁ@N\ef\‘)'S

meaning: Y S o ned shtement whose Fruda g given
\I\J H\\i T"'\"IC

truth of p | truth of q | truth of p@q
T T F
T F T
F T T
F F F

We won’t be using the exclusive OR much in this course.




Remark: An important thing to be aware of in this course is that the terminology and notation

is defined by definitions, not by common usage or by what makes sense. Common usage of
T —— —

the same words 1s often not the same as the defnitions of the terms that we use in math. And

common usage of the same words often includes more than one usage for a particular term.

For example, when the waiter says “you can have a baked potato or fries”, they do not mean
that you can choose one or the other or both. They mean that you can choose one or the other
but not both. That is, what the waiter means would be described in our terminology as “you
can have a baked potato exclusive or fries”. Of course, nobody speaks that way. But you get
the idea. In this course, the terminology has the meaning that is specified in the definitions,

regardless of what common usage you might be aware of, or might prefer.



Statement Forms

Remember that a statement variable 1s a variable that represents a statement.

A statement form is an expression made up of statement variables and logical symbols (so far,

our only logical symbols are ~,A,V, @) that becomes a statement when actual statements are

substituted for the statement variables.

P— .

We have already seen examples of statement forms.




[Example] consider the symbol p A g is a statement form

If we
¢ let p be the statement ‘H.Ot Woween s [~ sc/)')"emL)u-
o let g be the statement 3% ¥+ Y% = =~

Then p A q 1s the following statement:

J’lﬂ”()b\léef\ l'j Ta) g@em‘q)jr and 52.7_\,/),_: c?

~— B \: / )J

But if we m
AN ' Le—
e letp be the statement T Ne CQP\T“\ 3{: Ohvd s Glumbag

e let g be the statement '32’-)— L{L-; S* =T

Then p A q 1s the following statement: . § 2
m CmanM\ O‘P ()\’\)0 1§ (J\v\m")v\_g andl 3 + 4 = S \
~— T o T

=

End of [Example]



Just as it 1s useful to use letters as statement variables, it 1s also useful to use letters to

represent statement forms.

That can be confusing, because a statement form is, itself, made up of a bunch of statement

variables.

A handy convention will be

o use lower case letters for statement variables

—~———

e use upper case letters to denote statement forms
—




Truth Tables

The truth table for a statement form displays the truth values that correspond to all possible
’\—

combinations of truth Values}‘rﬁ 1ts statement variables. ST
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We have already seen examples of truth tables, in the definitions of ~,AV, @
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Logical Equivalence

Definition of logically equivalent statement forms

symbols: P = Q (coptal lethe r‘r)
spoken: V2 ;\g Lo;?cu\\v %U;\\Io:le AT 2 Q
usage: ?) & Fefrefe nNT ¢ Tatement Q e S .

meaning:
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To test whether two statement forms P, Q are logically equivalent,

Make a truth table with one column for the truth values of P and another column for the truth
values of Q
e If all entries in the column for P match the corresponding entries in the column for Q,
then P = Q.

e If any entries don’t match then P # Q.
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[Example] Are (p Aq) Vrandp A (q V r) logically equivalent? Explain using a truth table

Solution: (Vv need 9-9.-9.= 5) ij/—w
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DeMorgan’s Laws

Two famous logical equivalences having to do with negating AND, OR statements

De Morgan’s Laws
~(pAq) =~pV~q
~(pVqg)=~pA~q

Note: P /\cho\‘f\;« o an AN Shlkment
0% g?‘a‘}eme/\ﬁ‘

T\’\C Y\qu")‘t’of\ 970 A O‘R gf\ﬂjem&/\j\ l_f
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[Example] Use De Morgan’s Laws to negate the statement

x<30R7<x

~(x<3) AVd rv/7_<X)
&) (e

{‘mﬂtr}b\m\ )(>
3LX<K 7

Solution:

(1)

%<3 OR. (740}

11

I

End of [Example]



Remark 1: The sets described by these expressions can be visualized on the number line:

The set described by x < 3 OR 7 < x would be

L——————— >

The solution set to the inequality 3 < x < 7 would be

3 7
M -S>
7

>
Remark 2: Can the symbol(x < 3 OR 7 < x be)further shortened o@ ?

No! The reason is that the symbol 7 < x < 3 means 7 £x A‘\}D Xz 3

\H/\O\’)\ ;.S G‘B AND 7 59 \m()li.hbh

That 1s impossible. The solution set would be empty.

— >



Tautologies

A tautology is a statement form that is always true, regardless of the truth values of the

statement variables.

—
mological statement is a statement that has the form of a tautology. )

For example, the statement form

P v P

1s a tautology.

the statement

Holween 1¢ o Sphimbac oc Hallodeen s ml in seplember,

1s a tautological statement.

In a truth table, a tautology can be represented by a column with heading t and with every row

filled with entry T.



Contradictions

A contradiction is a statement form that 1s always false, regardless of the truth values of the

statement variables.

A contradictory statement is a statement that has the form of a contradiction.

For example, the statement form "{D /\ ~ P
1s a contradiction.
The statement - .
Halloween 16 in Spkembe and Hallideen 15 ot 0 septmboer

1S a contradictory statement.

In a truth table, a contradiction can be represented by a column with heading ¢ and with every

row filled with entry F.



[Example] Use a truth table to establish whether the following statement form is a @

or contradiction or neither.

or neither. ___—

(pA~q)AN(~pVq)

Solution:
Pla| ~P| ~g  [PANL NPVL (Paeg) (V)
TT F| F F T /F
TFlFl ™ | T | F [ F ]
FT 7T F ¥ T\ F |
PRl T | F LT N 75 /
Conclusion: "The éfﬁ\“;j—f V\S/ﬁ:;: Colamn are all Rise
End of [Example] - MNP on \s @ 0“7‘(‘%0{:17“/:4

End of Video for H02.1



