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Recall this definition from Section 2.1

A statement form is an expression made up of statement variables and logical symbols
(so far, our only logical symbols are ~,A,V, @) that becomes a statement when actual

statements are substituted for the statement variables.

A similar concept that is new for Section 3.1 is that of a predicate:

A predicate is a sentence that contains a finite number of variables and that becomes a
statement when specific values are substituted in for the variables. The domain of a

predicate variable is the set of all values that may be substituted in place of the variable.

We will be interested in identifying the values of the variables that will make a predicate frue.

If P(x) is a predicate and x has a domain D, the truth set of P(x) is the set of all
elements of D that make P(x) true when they are substituted for x. The truth set of P(x)
is denoted {x € D | P(x)}. This is spoken The set of all x in D such that P(x).




[Example 1] Predicate A(x) is the sentence x? > x.
e «

Let variable x have domain the set D = {—3, —2,2,3}. What is the truth set of predicate A(x)?
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Now let variable x have domain the set D = Z. What is the truth set of predicate A(x)?
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Let variable x have domain the set D = R. What is the truth set of predicate A(x)?
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Quantified Statements

A predicate P(x) is a sentence about the variable x. The sentence is neither true nor false until

one substitutes an actual value in for x.

It is often useful to make a summary statement about how many x in D make P(x) true. In
some situations, for a certain predicate P(x) and domain D, every element x in D will turn
P(x) into a true statement. And in some situations, there are no elements x in D that will turn
P(x) into a true statement. And of course, in many situations, it is useful to know if there is at

least one element x in D that will turn P(x) into a true statement.

Statements about ~zow many x in D make P(x) true are called quantified statements. There are
two types of quantified statements that are used in math: universally quantified statements and

existentially quantified statements. Here are the definitions
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Spoken: For all x in D, P(x).

Usage: x is a variable with domain D, and P (x) is a predicate with variable x.
Meaning: The domain D has the property that every element x in D, when substituted
into predicate P(x), will turn P(x) into a frue statement.

Remark: Vx € D(P (x)) is a statement about the domain D and the predicate P(x).
Additional Terminology: If there is an element x in the domain D that, when
substituted into predicate P(x), turns P(x) into a false statement, then the statement
Vx € D(P (x)) 1s a false statement, as well. An example of an x € D that does this is
called a counterexample for the statement Vx € D (P (x)).

Additional Terminology: The phrase for all x in D, denoted by the symbol Vx € D, is

called the universal quantifier.
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Symbol used in book: 3x € D such that P(x)

Spoken: There exists an x in D such that P(x).

Usage: x is a variable with domain D, and P (x) is a predicate with variable x.
Meaning: The domain D has the property that there is an element x in D (at least one)
that, when substituted into predicate P(x), will turn P(x) into a true statement.
Remark: 3Ix € D(P (x)) is a statement about the domain D and the predicate P(x).
Additional Terminology: The phrase there exists an x in D such that, denoted by the

symbol Ax € D, is called the existential quantifier.




Remark:
e It is easy to see that a predicate P(x) is a sentence and not a statement, because it contains a
variable. The sentence is about x, and the sentence does not become true or false (does not

become a statement) until an actual value is substituted in for the variable x.

e Less obvious is that a symbol like Vx € D(P (x)) is a statement and not a predicate. After
all, the sentence does include the letter x. But the difference is that in the quantified
statement Vx € D(P(x)), something is being said about the domain D and the predicate

P(x). The letter x is needed to construct the sentence, but the x is playing a different role in

the sentence than it plays in the sentence a predicate. We say that the x is a bound variable

in the sentence Vx € D (P (x)). A bound variable is a different thing from a variable.



[Example 2] Which of the statements A, B, C, D, E is true, and which is false? Explain.
Let A be the statement Vx € Z(x? > x).
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Let B be the statement Vx € R(x? > x).
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Let C be the statement 3x € Z(x? > x).
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Let D be the statement 3x € R(x? > x).
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Let E be the statement Ix € Z(x? < x).

T\z\(s I 'Fai\g‘
Thwere N inteser Kt makes )(14/1/ L

\f)(’,cauj( LA ﬂ\”adal k"\ovo IL\MML C{Ul:}
\\f\jfgélcr ok es le >< \)'f‘u{

(;




Quantified Conditional Statements

Consider the sentence —
6 <5 THEN x@

One might be tempted to say that this is a false statement. For instance, the number —7 is less

than or equal to 5, but (—7)? = 49, which is not less than or equal to 25.

But in the context of this course, the sentence above is not a statement. 1t is a predicate
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containing the variable x. The sentence does not become true or false until we-substitute an

e

actual value in for x. Let’s name this predicate.

Let P(x) be the predicate IF x <5 THEN x? <25,

And P(x) can be abbreviated in symbols x < 5 - x? < 25
— — )

But you must be careful not to write P(x) = x < 5 - x? < 25
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Let’s make a truth table for P(x), where we substitute in different values for x and see what

the resulting truth value of P(x). Since x is a variable, it represents a number, and so it can
take on many different values. That 1s different from a statement variable, that just represents
a statement, and so can only be true or false. So the column for x in our truth table will be

more complicated than the column for a statement variable in a truth table.
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We see that there are some values of x for which P(x) is false—we alreadly knew that—but

there are also some values of x for which P(x) is true.

So, to reiterate, P(x) is a predicate. One cannot say whether P(x) is true or false, because it

contains a variable.

But there are some quantified conditional statements that we can build involving the predicate

P(x), and these do have a definite truth value.

Thig oxisiential Sibement
) % e W (TF xe5 THeD Xeag
s et )
BaT Py ULt sl s Bitenment

\/ XeT (ToF x5 THER X< 1)
S %:\_sg\




Implicitly Quantified Statements
It 1s worth returning to the sentence that started this discussion, to summarize what we have

discussed about what this predicate means in this course and outside of this course.

What it means to . .
Sentence o What it means in our course
most mathematicians

x <5->x2<25 false statement. predicate that can be true or false

Vx € R(x <5 - x? < 25) | huh? What is that? A false statement.

It is very important to keep in mind, in this course, that a sentence like x < 5 - x% < 25

that contains a variable is to be interpreted as a predicate.

But outside of this course, it will be important to keep in mind that to most mathematicians,
the sentence x < 5 — x2 < 25 is really meant to mean what we would express with the
sentence Vx € R(x < 5 — x% < 25). We would say that when most mathematicians write
x <5 - x? < 25, the quantifier is implicit. That is, the sentence x < 5 - x? < 25 is

implicitly quantified, and really means Vx € R(x < 5 - x? < 25).



Equivalent forms of Universal and Universal Conditional Statements

Let x be a variable with domain the set of integers, Z.

2
Let P(x) be the predicate}@ X > O

Let’s make a truth table for P(x)
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Observe that any non-zero integer x will make P(x) true.
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We can express that observation with the following universal statement:
W ¥ e J A ( X* > DB

But we can also express the observation with this universal conditional statement.
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The two statements are both about x that have two qualifications.
« X e/
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In the universal statement, both qualifications are ensured by using the domain Z*.

In the universal conditional statement, the one qualification is ensured by using the domain Z
and the other qualification is ensured by having the hypothesis x # 0.



It might seem that the universal statement is the better way of expressing the observation,

because it is more concise. But it will turn out that there are situations where the universal

conditional statement 1s more helpful. (When we get to the part of the course where we are
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building proofs, it will turn out that having the statement expressed in wﬂ conditional

form will often make it easier to frame a proof structure.)
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In your homework exercises, you have a problem that involves rewriting a univeral statement
‘\_. r

as a universal conditional statement.

End of Video



