Video for Homework H05.1a
Topics from the first part of Section 5.1: Sequences
Sequences

Summation Notation

Product Notation



Definition of Sequence

A sequence is a list of numbers

S —

If the list ends, the sequence is called a finite sequence.

—_—

If the list goes on forever, the sequence is called an infinite sequence.
—

The numbers on the list are called the zerms of the sequence.

f-—‘

The first term of the sequence is called the initial term.

If the last term of a finite sequence 1s called the final term.

Two sequences are said to be the same if they are the same list of numbers.

_

For example, here is a finite sequence: :) Y ’ (, v 2D
) ) )
and here is an infinite sequence: Q) Lj) 6 o
)
Remark: The three dots, called an ellipsis, indicate that the established pattern continues.

Abstract Notation for Sequences

The two sequences on the previous page were presented as lists of actual numbers.



It 1s helpful to have an abstract notation for sequences, either for the purpose of abbreviating

the list or for the purpose of describing the pattern.

It i1s common to use a letter that serves as the name of the sequence, along with a subscript that
serves as to create a uniqge label for each term. The subscript is also called the index.
—

For instance, the finite sequence
2,4,6, ...,20
presented on the previous page could be denoted abstractly as
aq,ay, A3, ..., Aqg
Realize that more than one abstract description of a particular sequence 1s possible.
The sequence above could also be denoted
by, b1, b,, ..., bg

Same sequence, just different symbols.



If a sequence has a pattern, then it is often helpful to describe the pattern using a mathematical

formula.

An explicit formula or a general formula for a sequence consists of two things.
o A mathematical formula that shows how a; depends on the index k.

e The domain of the index k.

For a finite sequence, the domain of the index k will always be of the form
starting value < k < ending value
For an infinite sequence, the domain of the index k will always be of the form

starting value < k k Z4tart Aa Va |uL
It 1s important to note that the domain of the index is an essential part of the explicit formula.

Also note that explicit formulas that look very similar might not describe the same sequence.

And note that very dissimilar-looking explicit formulas might describe the same sequence.



For example, the explicit formula
a, = 2k forintegers 1 <k <10

describes this sequence s 3 )
q al N az ) a 5 ) ’ J q ' 0

AN, 2(2),308), -, Aw)
1 . 6

) ) 9 Je )LO

while the explicit formula
ay = 2k forintegers 0 <k <10

describes this sequence o, a, a. 0y - - — , A
) ) » Y,

A(0),2(0, 200, d3), -- -, alw)
0 | 2 , l{ ) 6 P o sy )&0
and the explicit formula
b, = 2(k — 3) forintegers 4 < k <13
describes this sequence  2(4-?), 2(53), 9[6'3\)) vre 801 '%)
2, 4 ) 6) vos L O
The first two explicit formulas look very similar, but they do not describe the same sequence.

The third explicit formula describes the same sequence as the first formula.



[Example 1] Write the first five terms of the sequence defined by the explicit formula.

(-D*
Qe = 3% for integers 0 < k
J
aD: C:.l_)_ = -—L = {
7 2 l
al: C-,__I\‘ - -—/“
3’ Z
o, = !_”v -
3+
I
o, = CYW o= -
s 27
b’ \
~ (- -
Mv[ 2 \ - ’%’\'

An alternating sequence is one in which the signs of the terms alternate.




[Example 2] Consider the sequence
3,6,12,24,48,96
(A) Find an explicit formula for the sequence, using a starting index of 0.

(b) Find an explicit formula for the sequence, using a starting index of 1.

) 301),3(2),3(4), 3(s) , 3(16),3(3%)

a, = 22~ o<k <5

-1y
(%) b, = %A | <n< 6



Summations

If m and n are integers and m = n, the symbol E ay,read the summation from k

: k=
equals m to n of a-sub-k, is the sum of all the terms s A1y App+2s +++ 5 Ay WE
say thata,, +a,,, +a,.»t+---+a,is the expanded form of the sum, and we write

n
Zak=am+am+1+am+2+---+a,,.

k=m

We call k the index of the summation, m the lower limit of the summation, and n the
upper limit of the summation.




[Example 3]

(a) Write the first five terms of the sequence defined by the explicit formula.

e—— —

a, =1+ k3 forintegers 0 < k

0«:(*03 = |

01'»_“/;3 =\ +1=2

7{:“((-’_ 5—')‘6\‘”\5
'+ & =9

o, = 1 rd ~
M, = 143 = 1527 =48



(b) Write the summation in expanded fo\rm an ﬁnd@

inS - (\4—“)”) Y [ l+(2\5> + [l+(3)3) )—(lr(‘d]s)
— 9\ + 0{ + Q\ ? + 67

=

_ 104



(c) Write the summation in expanded form and find its value

;1+k3 i | ,}_Cg)% — c;]



Telescoping Sums

[Example 4] Find the value of the summation

> (i) =
((H uw) (L’) @)’ 3’ o +(G[‘) @)4) (‘l ’(‘/:)
“”V%V%%%%»

—

ﬂo

&)



Summation Notation where the Upper Limit Involves a Variable

[Example 5]

(a) Write the summation in expanded form.

—

n 2 2 A
Z(_z)k = &’l}l A Q’Q) + (’:2’\ + ""“'(—’23

(b) Evaluate the summation (that is, find its value) when M n=ol

SN G C S )

T muans CAY FCY = 63 ~ () =

\A,S| 19 S(Amd\t«;\‘\i-\ V\b"\'é\j—u o

fLQ Lq_\ﬂ\QZ\



Expanded form probably looks less intimidating, but it can be tricky.

[Example 6] Consider this sum that is presented in expanded form.

L
12 22 32 @
(a) Find the value of the sum when n = 2 R

( l}—_,,‘-:

(b) Express the original sum (with unknown n) in summation notation.
k=W l
——/J-
2
k=1

(c) Express the result from (a) in summation notation

k=2 /\_
=

k=1



e

Separating off the final term

[Example 7] Consider the summation

(a) Write the summation in expanded form.

| (10 +A(240) F 3(37F1) + 0 + (nﬂ/(n—n\ ¥ 0

(b) In the expanded form, “unhide” thé second-to-last term.

() £2(24) r3(35) ¥ o0 (0T 7“[’\+b/@+’> 4 D
- ) -

AN

'—g:\/\a\ Fer

(c) Rewrite the original summation (in summation notation) by separating off the final term.

é m(m+1) + @a—))(@ﬂ) ‘)“>

M:\ ’Q\M\, "“a.(‘f\/\




Product Notation

If m and n are integers and m = n, the symbol Hak, read the product from k

k=m

equals m to n of a-sub-k, is the product of all the terms a,,, a,,, 1, @42, - - -, G,

We write
I-_[ak =0y Qp+1°0p+2° " " Ay
k=m
[Example 8] Compute the products. C 4 / t‘Tn\ IE& § J mh o ] ] }

(a)f[kz - 29-52*‘11 =576

ollt-5 = [I-3) = =



Telescoping Products

[Example 9] Compute the product.

S m-1Dm+1) _
(m—2)m

—

m=3

- @D f-) (1) | - )\(ﬂj) ) (6—/)[(fl)

2> (1Y (55  (5-2)6

\—;@a’@ﬁ_@/.w,@
P20 Bye o Gler



Expanded form probably looks less intimidating, but it can be tricky.

[Example 10] Consider this product that is presented in expanded form.
(2-4)(3-5)(4-6)‘ 4 (m—1(m+1)
1-3/\2-4/\3-5 (m—-2)m
(a) Find the value of the product when m = 3
(b) Express the original product (with unknown m) in product notation.

Kf\? () (k)

k=3 (K- &

(c) Express the result from (a) in product notation.




