Video for Homework H(8.2

Reading: Section 8.2 Reflexivity, Symmetry, Transitivity

Homework: H08.2: 8.2#2.,4,17,26,35

Topics:
e Definition of Reflexive, Symmetric, and Transitive Relations
e Lots of examples of verifying those properties for given relations

e Proving or disproving abstract statements about those properties



Ordered Pairs, definition from Chapter 1

Given elements a and b, the symbol (a. b) denotes the ordered pair consisting of
a and b together with the specification that a is the first element of the pair and b
is the second element. Two ordered pairs (a, b) and (¢, d) are equal if, and only if,
a = c and b = d. Symbolically:

(a,b) =(c,d) meansthat a=cand b = d.

The Cartesian Product of Sets, definition from Chapter 1

Given sets A, Ay, ..., A, the Cartesian product of A, A, ... A, denoted
Ay X Ay X -+ X A, is the set of all ordered n-tuples (a,. ay, ..., a,) wherea, € A,,
a, EAZ,....a,, EA,,.

Symbolically:

A| XA2X"'XA,,= {(a,,az,....a,,)lalEA,,azeAz....,a,,EA,,}.

In particular,
A| X Az e l(a,. az) | a, s A| and a, [ Az)

is the Cartesian product of A; and A,.




Definition of Relation, from Section 1.3

Let A and B be sets. A relation R from A to B is a subset of A X B. Given an ordered
pair (x, y)in A X B, x is related to y by R, written x R y, if, and only if, (x, y) is in R.
The set A is called the domain of R and the set B is called its co-domain.

The notation for a relation R may be written symbolically as follows:

xRy meansthat (x,y) €R.

The notation x Ky means that x is not related to y by R:

xKy nmeansthat (x,y) & R.

Definition of Relation on a Set, Section 8.1

Definition

A relation on a set A is a relation from A to A.
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Inverse Relations

Let R be a relation from A to B. Define the inverse relation R ' from B to A as
follows:

R'={(yv,x) EBXA|(x,y) ER).

This definition can be written operationally as follows:

ForalxEAand yEB, (zwx)ER ' & (x.y)ER




In Section 8.2, we will study three properties that relations may or may not have

Definition of a Reflexive Relation
Words: Relation R on set A is reflexive
Meaning: Every element of A is related to itself.
Meaning Written Formally:
using xRy notation: Va € A(aRa)
using ordered pair notation: Va € A((a, a) € R)
Words: R is not reflexive
Meaning: There exists an element of A that is not related to itself.
Meaning Written Formally:
using xRy notation: 3a € A(Ra) ( a RG‘B

using ordered pair notation: 3a € A((a, a) & R)




Definition of a Symmetric Relation
Words: Relation R on set A is symmetric
Meaning: If one element of A is related to any second element of A, then the second
element is also related to the first.
Meaning Written Formally:
using xRy notation: Va, b € A(If aRb then bRa)
using ordered pair notation: Va € A(If (a,b) € R then (b,a) €ER)
Words: R is not symmetric Y M ef
Meaning: There exist two elements of A such that the first 1s related to the second but
the second is not related to the first.
Meaning Written Formally:
using xRy notation: 3a,b € A(aRb and bKa) Qb) q) % 73

using ordered pair notation: 3a, b € A((a, b) ER and (a,a) ¢ R)




Definition of a Transitive Relation
Words: Relation R on set A is transitive
Meaning: If one element of A is related to any second element and that second
element is related to any third element, then the first element is also related to the third
Meaning Written Formally:
using xRy notation: Va, b,c € A(If (aRb and bRc) then aRc)
using ordered pair notation:
Va,b,c € A(If ((a, b) € Rand (b,c) € R) then (a,c) € R)
Words: R is not transitive
Meaning: There exist three elements of A such that the first is related to the second
and the second is related to the third, but the first is not related to the third.

b, <€A

using xRy notation: Ela b € A((aRb and bRc) and aRc)

Meaning Written Formally

using ordered pair notation:

Jda,b,c € A (((a, b) € R and (b,c) € R) and (a,c) ¢ R)




[Example 1] A = {0,1,2,3} Define relation R on A by R = {(2,3), (3,2)}
(a) Illustrate R using a table and a directed graph.
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(b) Is R reflexive? If not, give a counterexample.

No \ i noT related o PsdT

(¢) Is R symmetric ? If not, give a counterexample.
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(d) Is R transitive? If not, give a counterexample.
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[Example 2] A = {0,1,2,3} Define relation R on A by R = {(0,0), (0,1), (0,2), (1,2)}

(a) Illustrate R using a table and a directed graph.
o [ L |2 > G@ — |
0| X | x[X \
. X |
2 2 2
>

(b) Is R reflexive? If not, give a counterexample.

No v aot celbed P ivsel€

(¢) Is R symmetric ? If not, give a counterexample.
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(d) Is R transitive? If not, give a counterexample.
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[Example 3] A = {0,1,2,3} Define relation R on A by R = {(0,0), (1,1)}

(a) llustrate R using a table and ahdirecﬁed graph.
O |\ 2| ™
O | < G o | 9
l X
2
— 3 2
5 —

(b) Is R reflexive? If not, give a counterexample.
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(¢) Is R symmetric ? If not, give a counterexample.
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(d) Is R transitive? If not, give a counterexample.
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[Example 4] Define relation R on R by sayineans X—y=

=2
(a) [lustrate R using a graph. (7 2 X— L

/\\3 =X-2
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(b) Is R reflexive? If not, give a counterexample. ~ ’Q‘/
[ ={-2 lse
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(¢) Is R symmetric ? If not, give a counterexample.

@)b\ 15 5 Yo ﬁm h Yonl G)B_) 5 et
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(d) Ts R transitive? Tf not, give a counterexample.
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[Example 5] Define relation R o@y sayinar@
———

(a) Illustrate R using a graph. )(
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(b) Is R reflexive? If not, give a counterexample.

ND \;b Nl (‘a\qj‘ed + dself )< \l s ‘ngc

(¢) Is R symmetric ? If not, give a counterexample. oL S free Q<o o s e
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(d) Is R transitive? If not, give a counterexample.

%S (\-Q a[LS anrd VP4 -\-'\f\e./\ \LWe o



[Example 6] Define relation R on R by sayiea

(a) Illustrate R using a graph.
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(b) Is R reflexive? If not, give a counterexample.
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(¢) Is R symmetric ? If not, give a counterexample.
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(d) Is R transitive? If not give a countereXample.
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[Example 7] Define relatlor@m R by sayleans.

(a) Illustrate R using a graph. By ;‘\b l/\u’ﬁmj When Xco0 0 P =0
T\'\e Coovrdin wjl Mg oace 7%\( ?N/IL\

/ -
(b) Is R reflexive? If not, give a counterexample.
\D Q))\ 15 AT o the grz\/\h L(R\ ]' )# D
(¢) Is R symmetric ? If not, give a counterexample.

UQ,S Sym«rv\e/ €\ < (—h-f Xc‘;)‘o Fhen &qx O

(d) Is R transitive? If not, give a counterexample.
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[Example 8] Define relation R on R by saying xRy means xy # 0

nethar X "”‘5 1§ £ e

(a) Illustrate R using a graph.

Nol (D, 0) 0 is not reluted B0 vself, OWDF O
1S 'Fa\.‘:_(-c /

(¢) Is R symmetric ? If not, give a counterexample.

qub \g‘ Xéif»‘() Faen \O/;X#O S 1f xpy &L\e,,;')ex

(d) Is R transitive? If not, give a counterexample.

Yes Tﬁxa#o and Y20 then X2 +0
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(b)IsR reﬂexlve? If not, ilve a counterexample.




[Example 9] Prove or disprove: If a relation R on a set A is reflexive, then R;l 1s reflexive.
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Example 10] Prove or disprove: If a relation R on a set 4 is transiive, then R™! is transitive.
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