
Video for Homework H08.3 Equivalence Relations 

 

Reading: Section 8.3 Equivalence Relations 

 

Homework: H08.3: 8.3#4,6,9,10,14,15,30 

 

Topics: 

• Definition of Equivalence Relations and Equivalence Classes 

• The Relation Induced by a Partition 

• Examples of Equivalence Relations 

• The Partition Induced by an Equivalence Relation 

• Congruence Modulo 𝒅 

 

  



Recall Disjoint Sets, Mutually Disjoint Sets, Partitions of Sets from Section 6.1 

 

 

 

 

 



In Section 8.2, we learned about three properties that relations may or may not have 

 

Definition of a Reflexive Relation 

Words: Relation 𝑅 on set 𝐴 is reflexive 

Meaning: Every element of 𝐴 is related to itself. 

Meaning Written Formally:  

using 𝒙𝑹𝒚 notation: ∀𝑎 ∈ 𝐴(𝑎𝑅𝑎) 

using ordered pair notation: ∀𝑎 ∈ 𝐴((𝑎, 𝑎) ∈ 𝑅) 

Words: 𝑅 is not reflexive 

Meaning: There exists an element of 𝐴 that is not related to itself. 

Meaning Written Formally: 

using 𝒙𝑹𝒚 notation: ∃𝑎 ∈ 𝐴(𝑎𝑅𝑎) 

using ordered pair notation: ∃𝑎 ∈ 𝐴((𝑎, 𝑎) ∉ 𝑅) 

 

  



 

Definition of a Symmetric Relation 

Words: Relation 𝑅 on set 𝐴 is symmetric 

Meaning: If one element of 𝐴 is related to any second element of 𝐴, then the second 

element is also related to the first. 

Meaning Written Formally: 

using 𝒙𝑹𝒚 notation: ∀𝑎, 𝑏 ∈ 𝐴(𝐼𝑓 𝑎𝑅𝑏  𝑡ℎ𝑒𝑛 𝑏𝑅𝑎) 

using ordered pair notation: ∀𝑎, 𝑏 ∈ 𝐴(𝐼𝑓  (𝑎, 𝑏) ∈ 𝑅  𝑡ℎ𝑒𝑛  (𝑏, 𝑎) ∈ 𝑅) 

Words: 𝑅 is not symmetric 

Meaning: There exist two elements of 𝐴 such that the first is related to the second but 

the second is not related to the first. 

Meaning Written Formally: 

using 𝒙𝑹𝒚 notation: ∃𝑎, 𝑏 ∈ 𝐴(𝑎𝑅𝑏   𝑎𝑛𝑑  𝑏𝑅𝑎) 

using ordered pair notation: ∃𝑎, 𝑏 ∈ 𝐴((𝑎, 𝑏) ∈ 𝑅  𝑎𝑛𝑑  (𝑏, 𝑎) ∉ 𝑅) 

 

  



Definition of a Transitive Relation 

Words: Relation 𝑅 on set 𝐴 is transitive 

Meaning: If one element of 𝐴 is related to any second element and that second 

element is related to any third element, then the first element is also related to the third. 

Meaning Written Formally: 

using 𝒙𝑹𝒚 notation: ∀𝑎, 𝑏, 𝑐 ∈ 𝐴(𝐼𝑓 (𝑎𝑅𝑏  𝑎𝑛𝑑 𝑏𝑅𝑐)  𝑡ℎ𝑒𝑛  𝑎𝑅𝑐) 

using ordered pair notation: 

∀𝑎, 𝑏, 𝑐 ∈ 𝐴(𝐼𝑓  ((𝑎, 𝑏) ∈ 𝑅 𝑎𝑛𝑑 (𝑏, 𝑐) ∈ 𝑅)  𝑡ℎ𝑒𝑛  (𝑎, 𝑐) ∈ 𝑅) 

Words: 𝑅 is not transitive 

Meaning: There exist three elements of 𝐴 such that the first is related to the second 

and the second is related to the third, but the first is not related to the third. 

Meaning Written Formally: 

using 𝒙𝑹𝒚 notation: ∃𝑎, 𝑏, 𝑐 ∈ 𝐴((𝑎𝑅𝑏  𝑎𝑛𝑑 𝑏𝑅𝑐)  𝑎𝑛𝑑  𝑎𝑅𝑐) 

using ordered pair notation: 

∃𝑎, 𝑏, 𝑐 ∈ 𝐴 (((𝑎, 𝑏) ∈ 𝑅  𝑎𝑛𝑑 (𝑏, 𝑐) ∈ 𝑅)  𝑎𝑛𝑑  (𝑎, 𝑐) ∉ 𝑅) 



In Section 8.3, we are interested in relations that have all three of those properties 

 

Definition of Equivalence Relation 

Words: 𝑅 is an requivalence relation 

Usage: 𝑅 is a relation on a set 𝐴 

Meaning:  𝑅 is reflexive and symmetric and transitive. 

Additional terminology and notation 

Words: the equivalence class of 𝑎 

Symbol: [𝑎] 

Usage: 𝑎 ∈ 𝐴 

Meaning: the set of all elements 𝑥 in 𝐴  such that 𝑥 is related to 𝑎. 

Meaning in symbols: [𝑎] = {𝑥 ∈ 𝐴|𝑥𝑅𝑎} 

 

  



[Example 1] The Relation Induced by a Partition 

 

 

 

 

 

 

  



For example, let 𝐴 = {0,1,2,3,4} and let 𝐴1 = {0,4} and 𝐴2 = {1,3} and 𝐴3 = {2}. 

Then {𝐴1, 𝐴2, 𝐴3
} is a partition of set 𝐴. 

The relation induced by the partition is the relation 𝑅 on 𝐴 defined by saying that 

𝑥𝑅𝑦  there is a subset 𝐴𝑖 of the partition such that both 𝑥 and 𝑦 are in 𝐴𝑖 

Relation 𝑅 is an equivalence relation. 

(a) Write 𝑅 as a set of ordered pairs. 

 

 

(b) Illustrate 𝑅 using a directed graph. 

 

 

 

(c) Find the equivalence classes [0], [1], [2], [3], [4] 

 

 

(d) What are the distinct equivalence classes? 

.  



[Example 2] Let 𝑋 = {−1,0,1} 

(a) List the elements of 𝒫(𝑥) 

 

 

 

 

Define relation 𝑅 on 𝒫(𝑥) by saying that 

𝐴𝑅𝐵 means that the product of the elements in 𝐴 equals the product of the elements in 𝐵 

Then relation 𝑅 is an equivalence relation. 

 

(b) Find the distinct equivalence classes. 

 

  



[Example 3] Let 𝐴 = {1,2,3, … ,20}. Define relation 𝑅 on 𝐴 by 

𝑚𝑅𝑛 ⇔ 4|(𝑚 − 𝑛) 

Then relation 𝑅 is an equivalence relation. (We will prove this in the next example.) 

(a) Find the equivalence classes [1], [2], [3], [4], [5] 

 

 

 

 

 

 

 

(b) Find the distinct equivalence classes. 

 

  



[Example 4] Congruence Modulo 𝟒  

Define relation 𝑅 on 𝒁 by 

𝑚𝑅𝑛 ⇔ 𝑑|(𝑚 − 𝑛) 

(This relation is called the Congruence Modulo 4 relation.) 

(a) Prove that 𝑅 is an equivalence relation. 

(b) Describe the equivalence class [𝑎] for 𝑎 ∈ 𝒁 

(c) Describe the distinct equivalence classes of 𝑅. 

 

  









Based on our observations of equivalence classes, the following definition of the 

representative of an equivalence class makes sense: 

 

 

  



These Lemmas & Theorems from pages 513 - 514 also make sense. I won’t discuss the proofs. 

 

Lemma 8.3.2 is used in the proof of Lemma 8.3.3 

 

 

Lemma 8.3.3 is used in the proof of Theorem 8.3.4. 

 



Observe that the equivalence classes of the Congruence Modulo 4 relation form a partition of 

the integers. 

 

 

  



Definition of Congruence Modulo 𝒅 

 

Definition of Congruence Modulo 𝒅 

Words: the Congruence Modulo 𝒅 relation 

Usage: 𝑑 is a positive integer 

Meaning: the relation  𝑅 on 𝑍 defined by 

𝑚𝑅𝑛 ⇔ 𝑑|(𝑚 − 𝑛) 

Additional terminology and notation 

Words: 𝒎 is congruent to 𝒏 modulo 𝒅 

Symbol: 𝑚 ≡ 𝑛(mod 𝑑) 

Meaning: 𝑚𝑅𝑛 is true. That is, 𝑑|(𝑚 − 𝑛) 

Remarks 

• The Congruence Modulo 𝑑 relation is an equivalence relation on 𝒁. 

• The distinct equivalence classes are [0], [1], … , [𝑑 − 1] 

 

  



Consider the equivalence classes of the 𝐶𝑜𝑛𝑔𝑟𝑢𝑒𝑛𝑐𝑒 𝑀𝑜𝑑𝑢𝑙𝑜 2 relation. 

  



[Example 5] Expressions involving the Congruence Modulo 𝒅 symbol 

Explain why each expression is true or false. 

 

(a) 13 ≡ −2(mod 5) 

 

(b) −17 ≡ 7(mod 10) 

 

(c) 13 ≡ −2(mod (−5)) 

 

(d) 0 ≡ 15(mod 5) 

 

(e) 15 ≡ 0(mod 5) 

 

(f) 0 ≡ 0(mod 5) 

 

(g) 0 ≡ 0(mod 0) 


