In this video, we will discuss the end behavior of polynomial functions.
Review of Polynomial Functions
Remember that a polynomial function is a function such as

S(x)= 6X° =4 x> 1Ix -13

or

Se1= 6% — ux® + lix

A polynomial consists of a sum of one or more expressions of the form cx?, where c is a real
number constant, called a coefficient, and p is a non-negative integer. (That is, p is an integer and
p=0.)

The terms of a polynomial are the expressions of the form I >< T
TTSN—

That is, a term of a polynomial consists of a power function with non-negative integer power,

multiplied by a real number coefficient.




Consider some special cases of polynomial functions.

Functions such ag f(x) = —3x + 5. Notice that in equation form, this would be

ﬂ'—“—":x + 5

an equation for a line.

Functions such a$ f(x) = 5. This is a constant function. In equation form, this would be

an e?uation for a horizontal line. This qualifies as a polynomial, because it can be written f(x) =

5 = These kinds of polynomials would be called constant polynomials.

The function f(x) = 0. This is a particular constant function. In equation form, this would be
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an equation for a horizontal line. This qualifies as a polynomial, because it can be written f(x) =

0=0-1= @It is called the zero polynomial. 1t 1s a special case of a constant polynomial.




The fact that the zero polynomiqualiﬁes to be called a polynomial is a bit of a
nuisance. It makes definition of some of the terminology associated with polynomials a bit more
complicated.

We can define the leading term, degree, leading coefficient, and constant term only for non-zero
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polynomials. They are not defined for the zero polynomial.

) Thef a non-zero polynomial is the non-zero term that has the highest power.

o Th@of a non-zero polynomial is the power appearing in its leading term.

. Th@ing coefficient of a non-zero polynomial is the coefficient of its leading term.

o Thf a non-zero polynomial is the term of the fom@vhere c 1s a real
number constant. The constant term can be zero.
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These definitions can be better understood if we consider some examples.

[Example 1] For the function f(x) = 6x°> — 4x3 + 11x — 13
e the leading term is

e the degree is
¢ the leading coefficient is

e the constant term is

[Example 2] For the function f(x) = 6x° — 4x8 + 11x
e the leading term is

o the degree is
e the leading coefficient is

e the constant term 1s

[Example 3] For the function f(x) = —3x + 5

e the leading term is — 33X

(
e the degree is \ becanse X =X
e the leading coefficient is -3

e the constant term 1s =



[Example 4] For the functiong f(x) =5 ConShant ‘Pw\(ﬂ'.u A

e the leading term is 5 \C)
e the degree is (rw“ﬂf 5-5.) 7(" So the de7rec 3
e the leading coefficient is ’/

e the constant term 1s '5

he functio Congtant \F"'"d‘”" , The 2ee pal‘) Aot |

o the leading term i1s
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[Exam DEC

e the degree is

¢ the leading coefficient is

the constant term 1s



Observations

The leading term is not necessarily the one that appears at the left end of the presentation of the
function. We saw this in [Example 2], above.
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Indeed, remember that addition is commutative, so the terms of a polynomial can be relisted in any
order (as long as the correct signs are kept attached to the coefficients), without changing the

- yv? 5 _ g g
ST -YYT+ 6% Flix = JIX+6XT YK

function.

The degree can be zero. We saw this in [Example 4], above.
Y= 5
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The constant term can be the number zero. We saw this in [Example 2], above. (In other words,
there might not be a constant term appearing in the presentation of the function.)

S;(y\; (XS — 4X® FlILX



But the leading coefficient cannot be zero. That is, the function

$6:V= 6354 X¥ 4 x

could be written

Sx)= O -—éXg—‘fX? + 1

But that does not change its named parts as a polynomial. That is,

e the leading term is still — ”[ X
e the degree is still 3
e the leading coefficient is still — "{
¢ the constant term is still @

End of Review of Polynomial Functions



Now let’s get on with the main topic of this video:
The End Behavior of Polynomial Functions

Remember that the phrase end behavior refers to the M or right end of a graph. We will be
interested in describing the end behavior in words and also describing in more abbreviated notation.

Since describing the behavior of the end of a graph involves describing a frend, it 1s natural to
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describe the end behavior using the terminology of limits.

For example, the right end of a graph is the portion of the graph where the trend in the x values is
that .
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Abbreviated in words, X 9 2es 1O \\H\‘Q\‘N'\')' 8

Abbreviated in symbols, X — O



We will be interested in the behavior of the graph:

Does the end 07 Hhe jraph go up, or doin o doy i lewl 7

In other words, we will be interested in identifying the trend in the y values. More precisely, for the

right end of the graph, we will be interested in identifying
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Abbreviated in symbols,
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End behavior of Constant Polynomials

The simplest kinds of polynomials, the constant polynomials, have end behavior that is trivial to
describe.

For f(x) = c, the end behavior could be described as
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The corresponding limit description is

bie 3&) = b c = C
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End behavior of Non- Constant Polynomials

Remember that for non-constant polynomial functions, the ends of the graph always go up or down,
depending on the degree of the polynomial and the sign of the leading coefficient.

End Behavior of non-constant Polynomial Graphs

positive leading coefficient negative leading coefficient
graph goes up on both sides. graph goes down on both sides
even degree Jim f(x) = oo Jim f(x) = —oo
lim f(x) = o lim f(x) = —o0
X—>00 X— 00

graph goes down left,up on right | graph goes up on left, down on right

odd degree Aim f(x) = —oo lim f(x) = o0
lim f(x) = o lim f(x) = —o0

(Remark: There were some typos in this table in the Video for Homework H12. The typos are
fixed here, in these printed notes, but they will still appear in the video. Sorry about that.)



Let’s return to our earlier examples and describe the end behavior, in words and in limit notation.

[Example 1] For the funCtion f(x) = ‘6&5 —4x3 + 11x — 13

— .
e This is an (740‘. dD.,anq P)\U""”‘;“l WiHA {JMD\LJC le,ad.,y c,o&}g[,:c;c/\f
v

o the endbehavioris*l’\y\e_ j‘"“ﬁh 8,,05 disa 0 e \0,7@’ and ug da Hre Fgh7.

e the end behavior described in limit notation is

bon Sxy= -0 onk M Ix)= <0
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[Example 2] For the function f(x) = 6x+ 11x
' \ o
e Thisisan even olesret 0 \unamisl Wi Vet Yeading CaTFic.ent
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e the end behavior is Piar 5Np\f\ 8%5 d,MA oA Hﬁ’\q {//\0{5.

e the end behavior described in limit notation 1s

% S\ZQ() =—00 o~ M. Squ = — 0D

K ——C0 X — OO



|
[Example 3] For the function f(x) =@x + 5 X= X

e This is an 01\)( dﬁﬁt‘e{ Pb\onom;ml WWA N Lot ]U!-”l%; Coe 7L e AT
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e the end behavio cribed in [imi fon. | T
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[Example 4] For the function f(x) = 5

e Thisisa 04%(\@( 200 ()a\a,\um.‘.\/. Ca(\s‘}anf Q\/W\Oj;\do‘
e the end behavioris Yo A o Phe 900 At Conghant helghT Y>5

e the end behavior described in limit notation is

biw T = 5 =5
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[Example 5] For the function f(x) = 0

e Thisisa CMQ‘}M\‘) \Pb\andm;ml (%«Q 2‘2_/‘0_ P)\,by\&)mc‘a/)
e the end behavior is bﬂ'\/\ EnAS 07‘: j’he (7,~‘P\f\ \fVWQ Cdl\ﬁ‘nn} [f\e};hfy:o-

e the end behavior described in limit notation is

End of Video





