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Abstract

I is shown that a simple ring B is Morita equivalent to g right PCLdomain if and only I every
eychic singular right R-module is quasicontinuous.
2003 Elevier Science {USAL All vights reserved.

1. Introduction

In this paper. a continuation of vur carlier work [10], all rings are associative and have
an dentity. In addition, all modules are unitury. A evelic module X that is not isomorphic
0 Kz s swd o be a proper cyclic module. A ring R is said to be a right PCI ring if
every proper cyelic right R-module is injective. It has been shown 4.6] thal. other than the
semisimple artinian rings, right PCI rings arc precisely the right neetherian, right hereditury
domains tor which every singular right R-module is injective. As semisimple artinian s
are well understood, the emphasis of PCI rescarch rests on PCI domains. An example of
a right PCT domain, not a division ring, is given in [3]. Rings for which every singular
right module is injective arc called right ST rings. The right PCI and right 8T conditions are
equivalent for domains. Vurthermore, every right SIring is a finite direct product ol rings;
one of these rings has essential socle and the others are Morita equivalent to SI domains
(e to PCT domains) (cf. [9]). Therefore. & non-artinian simple right $1 ring is precisely
a riug that is Morita equivalent 1o a right PCL domain.
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In [T0. Theorem B]. it was shown that a simple ring R 1s right PCLif and only il every
proper cyclic right R-module is quasiinjective. [n this note we provide a stronger result,
but the prool is stmpler than that presented i [ 10}, Precisely. we prove the following

Theorem LA simple ring R iy Morita equivalent to a righr PCLdomai, if and ondv if
everyevelic singudar right R-module is quasicontinions,

We remark that Theorem 1 can be stated as follows: A siipic ring £ 18 right SLiff every
cyelie singulur right R-module Is quasicontinuous.

Let M=000) be the 2 x 2 matnx ring over a right PClLdomain D. Then it is clear that every
proper eyclic right MacI)-module is quasicontinuous. However. the following cornliary
shows that for any right PCI domain 0, other than division ring, not every proper cvelic
right module over M3 (0) is guasicontinuous.,

Corollary 2. Let R be a simple ring. I every proper cvelic vight R-module is guasi-
continious, tier R ois Morita equivalent o a right PCEdomain and has right uniform

dinension ai most 2.
The ring M 072) shows that a ring of Coroilary 2 is not necessartly right untform. in
general. But whenever it is right uniform, it must be o right PCI domain.

As ufurther application of Theorem | we obtain the following

Theorem 3. Fora right V -ring R with SoctRp) = 0 the followving conditions dre GV -
lent:

() Every ovelic singular right B-module is quasicontinuons.
th) R has a ring-direct decomposition R = R G« R,. where cach R, is Morita
cquivalent to a right PCLdomaiin.
Theorem 3 15 not true i we remove the condition that R is a right Voring. Take. for
example, the ring ot infegers.
2. The proofs

We adopt the notations used in [10]. A module M is called cominious if

(i) every submodule of M is essential in a direct summand of M and
i} a submedule isomorphic o a direct summand of A7 is iself a direct swmmand of M.

A module M is defined o be guasiconrinuons, i M satisties (i) and for any direct
summands A and B of M with ANR =0, A4 1 1s also wdirect summand of 47 A module.

thul satisfies (1) only, is called a C8 module. We have the following implications:

injective = quasiinjective = continuous = quasicontinuous = C§,
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However, in general. these elasses of modules are dilferent. For basic properties of these

modides we relerwo 13611121,

Proof of Theorem 1. One direction is clear, since every ring which is Motite-equivalent
to o right PCT domain has the property that all of its stogular right modules are injective
fet [9 Theorem 3.0 1),

Converselv, let & beoaosimple ring whese eyelic singuelar richt R-medudes are
quasicontinuous, Then by 10, Theorein Al R 1s right noetherian, It SociR g1 # 0. then
R = Soct Ry and henee R s asimple artinian ring. We are done, Next. consider the case
Soct K1 = U, We show that any artinian right R-module A is scmisimple:

Asstne that A = 0,1 3s clear that Ag is singular. Let X be a cyclic submadule ol Al
Using [10. Lemma 3.1] we can show that X & Soc(X} s eyclic. Hence X @ SectX) is
quasicontinuous. Thus Soct X1 is X -injective, and so Soc(X) splits in X This implies that
X = SociX) < Sect Ay, This shows that A4 is seisimple, as claimed,

Now. we prove that every singular evelic module over £ is semisimple. or cguivalently,
for cach essential right ideal € of R, R/C 1s semisimple. By the shove claim, 11 suffices
1o that show R/ s artinian. Hence & is Morita cquivalent to a right SUdomain by 19,
Theorem 3111 As right ST domains are the same as right PCLdoniins, the proot will be
complete.

Assume on the contrary that there is an essential right ideal 4 of R such that K74
ivonot artinian, Since £ is right noetherian, there exists an essential right idewl L of
R owhich is maximal with respect o the condition that M = R/L 15 not arnnian. Tt
fallows that A/ is unitorm and Soci M) = 0. Moreover, lor any nonzero submodule N
ot M. M/N ds semisimple. Tet 7 and V be submodules of M with 05 U<V M and
L=V 2 AL Then V/E is a direct sum of finttely many siinple modules. Consider the
module 0 = M &V, Since M is evelic and @/ Uy = M @ (VL) we can use [T
Lemma 3.1 to show. by induction on the number of simple direct summands of V/ 07 that
Q0. 0y is evehie, Let o € @ such that [vR 4 (OO0 U) = QA0 L) Then xR 1s
not unitorm. We can choose x such that x B contains (M, ). Hence v R = M £ W where
(0. Wy =x R0 V) 210,00, Since v R is quasicontinuous, W 1 M-injective. Therefore

Wosplits in M. wcontradiction. O

Proof of Corollary 2. Let R be a simple ring such that every proper oyclic right
K-module is quasicontinuows. Then, in purticular, every cvelic singular right £-module
is quasicontinuous. By Theorem |, R is Morita equivalent to a right PCI domain. Hence,
it is enough to show that the uniform dimension of Ky is at most 2. (If the right uniform
dimension of ®is 1, ie. £y is uniform, then R is a right PCI domuzin.)

We nead only consider the case Soc(Rgz) = 0. Assume that the uniform dimension of
Ry is af least 3. Note that all uniform right ideals of B arc subisomorphic to each other. Tet
=0 &2 U, be an esseatal right ideal off R where each L) 15 untfornt and i = 3.
and each [ embeds in I/ forall 7, f.

Let ) be the closure of U1 in K. Then R/U] has uniform dimension sz — | (see. e 2.,
[5. 50001}, Clearly, R/UT contains a copy of Un -+ & Uy which is therefore essential
in R/L77. Since. by hypothesis. R/UT is quasicontinuous, R/ = L& - p L where
cach L7 (208 < my, i umiform, and for 7 56 j0 U7 ds L/’jf'-injmrtive. We may assume

!
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that cach L7 contains o copy of £;. This implics that L7 embeds in 077 and heace each
7 2w i m) s quasiingective. Since R s Morita equivalent 1o a right PCT domain,
g'\"c!')-' quastinjective right R-madule is injective (see [8]). This shows that cach U7z 2y
s evelic injective right R-module. and it is isomorphic to the injective hull of & T
implics that the injective hul! of £y is Goitely senerated. Henee R s right artinian by [3.
Coraflary 1.29]. This contradiction shows that the right unitorim dimension of & is at

most 2, as desired. ©

Proof of Theorem 2 thy - ta) is clear. because every ring in (b1 has the properiv that
every singular right R-msodule is injective,

(y = (hy Lot F obe an essential right ideal of 8. and set M = B/FE. Then My is
a smguiar madule. hence every eyvcelic submodule of any homomorphic imuge of W is
guasicontinuous. By a theoren: ol Osolsky and Smith {see [3, 7,13, cach factor module
ol M has finite uniform dimension. By assumption. R is a right Veoring, Henee M s a V-
modute, Then it follows from 13, 120131, that A is noetherian, Henee, by [3.3050.
RiSoctRy) is noetherian. Bul SoctRyey = 0. hence R is right noetherian, Ax B is a
right Voring, it follows from [8. Theorem 21, that & has the ving-direet decomposition
R — Ry & R, where cach R, is a simple ring. By Theorem 1, exch Ky is Morita
cquivalent o a right PCLdomain. - i

o [ Theorem AL it was shown that a simple ring £ is vght noctherian, if every evelic
singular right R-module is CS. However. the structure of these rings iy still unknown.

Problem. Describe the structure of simple rings whose evelic singular richt modules
are S,

Finallyv. we remark that using the techaigues presented in the proof of {10, Theorem B
an improvement of {10, Theorem B3] has been obtained in [1]. where 1t wus shown that o
simple ring £ is right PCLIC and only it every proper cyclic right R-maodule is continuous.
This resudl is obviously a direct consequence of Theorem | or Corallary 2.

References

S5 Banbewall 8. Thipgan, P Kanwar, A simple cing over whivh proper cyelios ane contines ts o PCl-do
Canad. Muth. Bull 41 (1998) 261-266.
2] AW Chatters. CLR. Hajurnavis. Rires with Chain Conditions, Pitman. London. 1980,
3 LH Cozeens, Homelugical properties of the ring of differential polyvnamials. Bull Amer Math $Soc. 76
170y 75 79,
(4] BRI Daumiano, A right PO ring is right peetherian, Proc. Amer, Math, Soc. 7701979 £-14,
(21 N Dung. DUV Huynh, PE Smith, R Wishaver, Extending Modutes. Piinan, London, 190,
[0 . Faith, Algebea 11 Ring Theory. Sprincer-Verlag, 1976,
[7] C. Faith, When are proper eyclics injective”? Pacific 1. Math, 15 1197397 112
(3] C Tarth, Ou bereditary rings and Boyle's conjecture. Arch. Math, 27 (1976, 113 |y,
(91 K.R. Goodearl. Sirgular Torsion and the Splitting Properties, in: Menn Amer. Matk, Sow Vsl 122, 1972
P01 DV Huvnh, 8K Tain, SR Lopez-Permouth, When is o simple ring noetherian?! 1. Alzchra N4 0 19%0)
FERUIOSS



2000-088

192 D Huvnl et al / dosmad of Aleebra 203 (2003) 18802

FELT RN, Lam, Lectures on Modules and Rings. in: Grad, Text, in M, Vil 184, Springrer-Yerfar, New York,
1484,

[225 5 H NMohamed. B Miller. Continuous and Discrete Muodules, i London Muth, Soc, Lecture Note Ser.,
Vol T Cambridee Vaiv, Press. 1990,



