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Semtlocal CS matrix rings of order > 1 over group
algebras of solvable groups are selfinjective
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The following theorem is a sortof an addendum or u sequel to our earher paper { 1], This

el
result generalizes Theorem 4.3 in {1 to group algebrus of solvable groups. For de
and terminology the reader 1s referred to 1.

finittons

Theorem 0.1, Lot K be a field and G be a growp. Suppose one o

iy saristied.

Clollenving conditions

(iis a locally finite group.

(hi The eroup algebra K G is semilocal and G oo cither a soival

Sl ilitodln di

Then the following are equivaient.

VKRG = doisaright CS-ring.
D MK Gydsaright CS-ring.

N Cas righe selfinjective.
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(4 G s findie,

Proof. (1) = (2)is well-known {2. Lemmas 7.1 and 12.8].

(2) = (3). First assume that G is a locally finite group. Write R = M~ (KG). By {4
Corollary 8.4]. it is enough to prove that R is right continuous. that is. any right ideal of
R which is isomorphic to a direct summand of R is itself a direct summand ot R. Observe
that for any two elements ¢ and b of R = M>(K () there exists aright seitinjective subring
7" containing a. b, and the unity of R. To sce this let « and b be any two elements of R
and let H be the subgroup generated by the supports of the entries of ¢ and /. Since G i
focally finite. A must be finite. Hence K H is right selfinjective [3. Theorem 2.8, p. 791
Se T = M>(K H) is the desired right selfinjective subring of R containing «. b, and the
unity of R. To prove R is right continuous. let / be a right ideal of R and let [ = ¢R
for some idempotent ¢ € K. Suppose a1 1p — ¢ Ry is an isomorphism. Let v =« o).
Then. as shown above. there exists a right selfinjective subring. say S. containing unity of
K such that . ¢ € §. Obviously « induces an isomorphism ¢ 5¢ — ¢S¢. Since S s right
sellinjective, ¢S is an injective right S-module. Therefore .S 1s un injective right S-module.
Thus a5 =S for some idempotent v € 5. Since S contains the unity of £, it follows thut
¢ R = v R. Consequently R is right continuous.

Now et KG be semilocal and G be either solvable or hinear. By [ 3. Section 3. p. 322]

JKGYy=N (K()

]
i

={w e K [l is nilpotent for every finitely generated subring S of KGL

tn particular. J(K Gy is nil. By {30 Theorem 1.8 po H09]0 G oas Tocally finite. But then &
what we have proved above. K G s right seltinjective,

(3) = (1) follows from the fact that the matrix ring over a right seltinjective ring i~
again right selfinjective and right selfinjective rings are right CS-rings.

The cquivalence of (3) and (4) is well-known [ 3. Theorem 2.8, p. 79
Remark 1. The above proof shows that it R 1s a right CS-ring with unity 1 such that am
two elements . b e R are contained m w right seltinjecuve subring S having the same
unity | then R is right continuous. In particular. tf R = M~07 for some ring 7 then R
tand hence 77} is right selfinjective.

Remark 2. It follows from Remark | that o group algebri ot @ focaliy finite group s right
CS if and only 1f 1t is right continuous.

Remark 3. Theorem 0.1 is not true if the order of the mauix ring is not greater than 1 for
example. the group ring of an infinite locally finite p-group over u field of characteristie
i~ ot focal right CS-ring but 15 not right sclfinjective
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