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Abstract: Bapat, Jain and Snyder previously described a class of nonnega-
tive matrices dominated by a nonnegative idempotent matrix under the minus
partial order. In this paper, we improve upon that description by first present-
ing a more general result that gives the precise structure of nonnegative matrices
dominated by a group-monotone matrix under the minus partial order. As a
special case we derive the complete class of nonnegative matrices dominated
by a nonnegative idempotent matrix that includes the class obtained by Bapat
et.al.

1 Introduction

Matrix partial orders have proven to be a fruitful area of research. In this
paper, our focus is on the minus partial order studied by several authors. We
continue our investigation into the structure of nonnegative matrices A that
are dominated by a given nonnegative A—monotone matrix B under the minus
partial order. The present paper studies the case when B is a nonnegative
matrix that possesses a nonnegative group inverse. In [1], Bapat-Jain-Snyder
considered the case when the matrix B is an idempotent matrix.

We provide necessary and sufficient conditions for a nonnegative matrix A
dominated by a nonnegative matrix B that has a nonnegative group inverse
(Theorem 6). In the special case when B is an idempotent matrix, Theorem 8
provides an explicit description of the class of nonnegative matrices A dominated
by a nonnegative idempotent matrix B.

2 Definitions and Preliminary Results

In this paper, all matrices have real entries. A matrix A = [a;;] is nonnegative
if a;; > 0 for all 4,5 which is denoted A > 0. Likewise, A = [a;;] is positive if
ai; > 0 for all 4, j which is written A > 0. The transpose of A is denoted by
AT,

Let A be an mxn matrix. Consider the following equations: (1) AXA = A,
(2) XAX = X, (3) (AX)T = AX, (4) (XA)T = XA and (5) AX = XA where
X is an n x m matrix and T denotes the transpose. For a matrix A and a
non-empty subset A of {1,2,3,4,5}, X is called a A-inverse of A if X satisfies



equations (i) for i € A. A {1}-inverse of A will be written as A~. The system
of equations (1), (2) and (5) has a unique solution X, called the group inverse
of A, if and only if rank(A) = rank(A?). The group inverse of A is denoted by
A% A matrix A is group monotone if A¥ exists and is nonnegative.

A matrix J is a direct sum of matrices Jy, ..., J,., written J = J; & --- B J,,
if

Ji 0 0
o |0 :
: . .0
0o --. 0o J,

If A, B are m X n matrices then we say that A is dominated by B in the
minus partial order, written A <~ B, if rank B = Rank A + rank(B — A).
Theorem 1 will provide us with several equivalent statements.

We begin by stating some of the known facts and preliminary results that
are referred to throughout the paper.

Theorem 1 (/8], Lemma 1.2) Let A and B be m x n matrices. Then the
following conditions are equivalent

1. A<TB

2. There exists a {1}-inverse A~ of A such that (B—A)A~ =0 and A~ (B—
A)=0.

3. Every {1}-inverse of B is a {1}-inverse of A.

4. Every {1}-inverse B~ of B satisfies AB~(B—A) =0 and (B—A)B~A=
0. In other words, the parallel sum of A and B — A is zero.

Theorem 2 ([4], Theorem 2). If E is a nonnegative idempotent matriz of rank
r, then there exists a permutation matriz P such that

J JD 0 0
+ o 0 00
PEP" =107 cJp 0 o]

0O 0 00

where all the diagonal blocks are square; J is a direct sum of matrices x;y!
2, >0,y >0andylz; =1,i=1,2,...,r; and C, D are nonnegative matrices
of suitable sizes.



Lemma 3 ([1], Lemma 3) Let A, E be n X n matrices such that E*> = E, and
suppose that A <~ E . Then A is idempotent and AE = A = FEA.

The next lemma gives the converse when A is also an idempotent.

Lemma 4 Let A and B be n X n idempotent matrices. A <~ B if and only if
AB = A = BA.

Proof. Let A, B be idempotent where AB = A = BA. As A is idempotent,
AAA = A2A = AA = A%2 = A so A is its own {1}-inverse. Now by Theorem
1, we will prove the equivalent condition that there exists a {1}-inverse A~ of
A such that (B — A)A~ =0 and A= (B — A) = 0 to show that A <~ B. So
choose A= A~. Then (B— A)A~ = (B—A)A=BA—-A>=BA—-A=0as
BA=A. Also A (B-A)=A(B-A)=AB-A?=AB—-A=0as AB= A.
Thus by Theorem 1, A <~ B as required. The converse follows by the previous
lemma. m

Theorem 5 ( [6], Theorem 5.2) Let A be a nonnegative matriz and let A2 =
k

p(A) > 0, where p(A) = Y a;A™, a; # 0, m; > 0. Then there exists a
i=1
permutation matriz P such that

J JD 0 0
+ o 0 0o
PAPT =107 cyp 0 ol
0 0 00

where C, D are nonnegative matrices of appropriate sizes and J is a direct
sum of matrices of the following types (not necessarily both):
(I) Bxy”, where x and y are positive unit vectors with y'z =1 and B is a

k
positive root of S a;t™itl =1

1=1
[0 512$13/2T 0 T 0 1
0 0 Bawayd :
(II) : 0
: 5d—1,d$d—1yg
L Barzayl 0 0 i
where x;,y; are positive unit vectors of the same order with yiTx,- =1; z;
and xj, 1 # j are not necessarily of the same order. [B,...,84 are arbitrary

positive numbers with d > 1 and d | m; + 1 for some m; such that the product
BiaBas - Bar s a common root of the following system of at most d equations
mt

(m;+1)

Z ot d =1
dep



(m;+1-k

Z Oéit
deNg
where

Ak:{dld|mi—|—1—k‘,d7é1} k‘E{O,l,...

Y20 ke{l,2,...,d—1}

,d—1}

with the understanding that if some A, = 0 then the corresponding equation

is absent.
Conversely, suppose we have, for some permutation matriz P,
J JD 0 0
0 0 0 0

PAPT =

cJ CJD 0 0

0

0 0

0

where C; D are arbitrary nonnegative matrices of appropriate sizes and J is
a direct sum of matrices of the following types (not necessarily both)
(I') Bzy™, B> 0 where x,y are positive vectors with y'x = 1.

0 Bram1ys 0 0
0 0 BosT2ys
(1) ‘ 0
: 5d—1,dmd—1yg
Barzayi 0 0

where 3;; > 0, x; and y; are positive vectors with ylz; = 1.

Then A1:2) >0

and is equal to some polynomial in A with scalar coefficients.

3 Group-Monotone Matrices

Theorem 6 Let A, B be n X n nonnegative matrices such that B¥* > 0, rank
B=randrank A=s. Then A<~ B if and only if there exists a permutation
matriz P such that

J JD 0 0 AL AuD 0 0
A | o 0 00
PBP =10y cyp o of ™@PAPT =04 cauDp 0 ol

0 0 00 0 0 0 0

where C; D are nonnegative matrices of appropriate sizes and J is a direct

sum of the following types (not necessarily both):

(I) BagyT, where x and y are positive unit vectors with yT_x =1,8>0.

0 Broz1ys 0 0
0 0 /323332Z/g
(II) 0
: ﬁd—l,dzd—lyg
Barzay 0 0 i




with B;; > 0 where z;,y; are positive unit vectors of the same order with
yle; =1; z; and xj, 1 # J are not necessarily of the same

order and
x1 o --- 0 Q11 Qg e Qg le o ... 0
0o .o il o
All: . . .
0 : IRV S |
0 -+ 0 x| |law1 e - 0 -~ 0 ¢f

where a;; > 0 and rank Ay +rank (J — Ai) =rank J.

Proof. Let A, B be n X n nonnegative matrices such that rank B = r and

rank A=s,s<r. As B¥ >0, by Theorem 5 [1] there exists a permutation
matrix P such that

J JD 0 0
+ o 0 0o

PBP" =107 cip 0 o]
0 0O 0 O

where J is of type (I) or (II). For any {1} — inverse B~ of B , PBPT =
PBB~BPT = PBPT"PB~PTPBP”. Clearly we can choose

J JD 00
IR 0 00
PB P =\c1- cj-D 0 0
0 0 00

where J~ is a {1} — inverse of J.
As A <~ B, by Theorem 1 [8], AB"B=AB- A= BB~ A= A. Partition-
ing PAPT in conformity with PBP” yields

Ay A Az Ay
Ax Aga Apz Agy
Az Azz Azz Az
Ay A Ayz Au

Now PBB~APT = PBPTPB-PTPAPT = PAPT gives

PAPT =

J JD 0 0 J- J~D 0 0 Ayp A Az Ay
o o ool o 0 0 0| [An Asy Asy Asy|
CJ CJD 0 0| |CJ- CJ D 0 0| |A31 Aszs Azz Asq|
0 0 0 0 0 0 0 0| [Ayn Ay Ayz Ay

JJTA11 +JJ DAy JJTA1a+ JJ 7 DAgs JJT A3+ JJ 7 DAss JJT A4+ JJ DAgy

0 0 0 0
CJJ A1 +CJJ"DAyy CJJ Ais +CJJ DAy CJJ_A13+OJJ_DA23 CJJ A+ CJJ DAy
0 0 0 0



Apn A Az Al
A1 Azx Asz Ay
Azr Aszp Azz Az
Ay Agp Agz Ay
Then it follows that As; =0 and Ay; =0 for j =1,2,3,4.
Similarly, PAB~BPT = PAPTPB~PTPBPT = PAPT gives, A;3 = 0 and
Ay =0fori=1,2,3,4. Thus

A J-J AnJ-JD 0 0 JJ A JJAqs 0 0

I ) 0 0 0 o 0 0 0 0
PAB™BP™ =, 77 ang-Jp o o @APBB AP =10 504 cyi A, 0 0
0 0 0 0 0 0 0 0

where PAB~BPT = PAPT = PBB~APT.
We will now use the following equations to determine PAPT:

Ay = AnJ J=JJ An
A = AnJ JD=JJ Ap
Ay = ApJ J=CJJ A
Asy = A3 J JD=CJJ A,

From the relations above, A1y = A1 J~J = JJ A1, Ao = A1 D, Az =
CA11, and Az = CJJ A1 =CAJ-JD =CA1D. Asa result,

A AnD 0 0

+ | o 0 00
PAP™ =4 CALD 0 0
0 0 00

We claim:  Ay; <7 J or equivalently rank(J) = Rank(A11) + rank(J —
Ayq). First note that rank(J) = rank(B) = rank(PBPT) and rank(A;;) =
rank(A) = rank(PAPT) . Because rank(PBPT) = rank(PAPT)+rank(PBPT—
PAPT) it follows that rank(J) = rank(A11) + rank(J — A11). Thus we obtain
A <7 J .

Recall that Ay = A1 JJ =JJ Ay = A1 J Aqq where J is a direct sum
of matrices of type (I) and (IT). Now if J is any type (I) summand of .J,
then J = BxyT where (3 is a positive scalar and x,y are positive unit vectors.
Choose (J' )~ = %xyT. Thus

(7= (o) Gon™) =" = o) (™) = )

Now if J" is any type (IT) summand of J, then



[0 Bi2t1y3 0 0

0 0 ﬂzﬂﬂ/g :

J// _ . . 0
: Ba—1,aTd-1Yy

| Bawayt 0 0

for some positive integer d . Now

- 1 T_
O T 0 . e ... lexlyd
35201 0 0
(J"> = 0 ﬁ—;xdyg
i 0 0 I@,{ill)dxdygl1 0 |
Then
$1y? 0 0
’" N\ O : n\ "
(7)) = =) )
0 0 zqyl
Thus
ryf 0 0
gi=gs ="
: . . 0
0 e 0 zpyl

is a block diagonal matrix such that each diagonal block is of rank one where the
summands of J are of type (I), (II), or both. Now partition A1; in conformity

with J=J =JJ~. So
A/u Y
A =

/ ’

Ay o o A

From A1J~J = A1 = JJ~ Aqq, it follows that xiyiTA;j = A;j = A;jmjij.

’

Clearly, each A;j must be of rank 0 or 1. Now A;-j = asileAljxijT.

. ’
may write 4;; = aijxiij. Hence

Thus, we



T T T
a11T1Y1 Qi12T1Yy o QY

Ay = 0121$.2le
Tyl eyl
1 O 0 a1 a2 | [yf 0 0
_ 10 Q1 0
0 : : 0
0 0 z.| |anm ar| L0 0 yf

The converse is clear. m

The following example demonstrates that when A <~ B, with B# nonneg-
ative, A# need not be nonnegative.

0 010 01 1 0
0 0 O 1 1 0 0
Example 7 Let B = 010 0 and A = 00 0 0 where rank(B) =
0 0 0O 0 0 0O
01 00
_ . £ _ 10 0 1.0
3 and rank(A) = 2. Obviously both A, B > 0. Now B# = 100 0 > 0.
0 0 0O
We proceed to show that A is of the form stated in the theorem and A <~ B.
01 00
. . . 1 0 0 O
There exists a permutation matrix P = 001 0 such that
0 0 0 1
01 00 1 1 0 0
r |10 0 1 0 r |1 0 1 0 _
PBP* = 100 0 and PAP" = 00 0 0 where C, D = 0,
0 0 00O 0 0 0O
[0 1 0]
J = |0 0 1| isa type (II) matriz
11 0 0]
[1 0 0] 1t 1 0] [1 0 O] 11
and A;7, = |0 1 Of |1 O 1|0 1 Ol=1]1 0 1
0 0 1/ [0 0 O [0 O 1] 0 0
01 0 1 10 [-1 0 0
In addition, (J —A;;)=1]0 0 1| —|1 0 1|=|-1 0 O
1 0 0 0 0O |1 0 0




Therefore, rank Ay +rank (J — Ayn) =241 =3 =rank J. Thus A <~ B.
Furthermore, rank (A2?) = 2 = rank (A) and so A% exists.

-1 1 2 0
1 0 -1 0
# —
But A 0O 0 0 o0 # 0.
0O 0 0 O

4 Idempotent Matrices

As a special case of the previous theorem, we provide necessary and sufficient
conditions that give the structure of a nonnegative matrix A satisfying A <~ B
where B is a nonnegative idempotent. The condition obtained in this situation
is simpler to verify.

Theorem 8 Let A, B be n x n nonnegative matrices such that B> = B, rank
B=randrank A=s. Then A<~ B if and only if there exists a permutation
matriz P such that

J JD 0 0 Ay AuD 0 0
» o 0 0o s | o 0 00
PBP = \v; cyp o o “PAPT =104 caup 0 o

0 0 00 0 0 0 0

where C, D are nonnegative matrices of appropriate sizes and J is a direct sum
of matrices x;yl where x;,y; are positive unit vectors of the same order with
ylx; =1; x; and x;, i # j are not necessarily of the same order and

g 0 -+ 0 v 0 - 0
Ay = 0 . R ) 0

S 0 : . .0

o --- 0 =z 0o --- 0 er

where E is a nonnegative idempotent r X r matrix.

Proof. As B > 0 and B is idempotent, B is its own group inverse. By

assumption A <~ B and so by Theorem 6

J JD 0 0 AL, AuD 0 0
s 1o 0 0o + | o 0 00
PBP = \cy cyp o o @PAP=\ca canD 0 o

0 0 00 0 0 00

where C, D are nonnegative matrices of appropriate sizes and J is a direct sum
of matrices z;y] where z;,y; are positive unit vectors of the same order with



yl'z; =1; z; and xj, ¢ # j are not necessarily of the same order and

x1 0O --- 0 a1 g e aqy le 0o --- 0

0o . T N ; 0

All: . . .
0 : : P ||
o ... 0 =z 1 Qo Qe 0o ... 0 er

As B is idempotent, it follows from Lemma 3 that A is idempotent and hence
PAPT is idempotent. Thus A2, = A;; because y! z; = 1. Furthermore,since

xy 0 -+ 0 yi'0 -0
0o . : : 0o . :
has a left inverse and has a right
: .. .0 : L0
0o -+ 0 =z 0 -~ 0 ¢f
inverse,
Q11 12 o Oy
E =
Qrp  Qp2 o (0708

is also an idempotent.

To prove the converse, we first show that Ay; <= J, ie. rank(J) =
rank(A11) + rank(J — A11). We have by assumption that rank B = r and
rank A = s. It follows that rank PBPT = r and rank PAPT =s. Now as
the rank PBPT is completely determined by J and rank PAPT is completely
determined by Ay1, rank J =r and rank A;; =s. Now J — A1y =

Tyl 0 .- 0 zg 0 -+ 0 yio 0 - 0
0 I : 10 e e I 0
0 : 0 0
0 0y 0 0 0 0 o7
z1 0 01 [vf o 0 1 0 0 vyl 0
_ 10 0 10 I 0
0 0 0
0 0 0 0 yTT 0 0 0
z; O 0 yi 0 0
_ |0 r—g|Y
0 : 0
0 0 =z 0 0 yr

10



xzy 0 -+ 0 vy 0 -~ 0

Thus rank [I - FE] 0 < rank ([I — E)).
0 : 0
0 0 0 0y’
But as
v 0 07 [=1 O 0 yi 0 0] [#1 O
0 0 7m0 0
0 0 0
0 0o 7| |o 0 0 0 7| o 0
z1 O 0 vyl 0 0
rank g |° — rank ([T - E)).
N S 0
o -+ 0 =z 0 0 yr

Since an idempotent matrix is diagonalizable, there exists an invertible ma-
trix U such that

1 0 0
0
UTEU= | 1 g
0 0 0
_0 0_
where there are exactly s 1’s ones along the diagonal as rank E = s. Now
M o -+ - 0]
0
U'I-ElU=UYMU-U'EU=1-U'EU = 0 —
0 0
._O 1_
(1 0 0] [0 0 0]
0 . 0
10 = 0 0 . Hence the rank(J—A11) =
0 0 0 : 0 1
0 ] 0o - - 1)
r—s. Thus rank(J) =r = s+ (r — s) = rank(A11) + rank(J — Ay1) . This

yields Ay; <= J and hence A <~ B as required. ®

11



We present the following example to demonstrate the structure described in
the previous theorem. In this case, B is a doubly stochastic idempotent matrix.

1 0 00 1 0 00
02 120 0000 _
Example 9 Let B = 0 g g 0 and A = 00 0 ol Clearly A <
0 0 0 1 0 0 01
B. Following the notation in the theorem P = 1. We may express
Tyt 0 0 EZE. yi 0 0
B=| 0 Toyd 0 | =10 = 0 yi o0
0 0 z3yd 10 0 z3 0 0 ¢f
é 8 8 [1 0 0
= o 1 0 0 1 0
2
00 1 0 0 1
(1) (l) 8 1 0 0[ |1 0 0 O 1 00
and clearly A = 0 1 0 0 0 0|0 1 1 O| whereE=1{0 0 0
0 (2) 1 0 0 1] (0 0 0 1 0 0 1

18 an tdempotent.
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